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Quantum Gates for Quantum Dots
Short abstract:
Since the mid-20th century it has been understood that a general-purpose quan-
tum computer would be able to eﬃciently solve problems that will forever be
out-of-reach for conventional computers. Since then, many quantum algorithms
have been developed with applications in a wide range of domains including
cryptography, simulations, machine learning and data analysis. While this has
resulted in substantial attention being paid to the development of quantum com-
puters, the best architectures to use in their fabrication is not yet clear.
Semiconductor quantum dot devices are a particularly promising candidate for
use in quantum computing architectures, as it is anticipated that once the funda-
mental building blocks are implemented, they might be massively scalable using
the existing lithography techniques of the semiconductor industry. So far, how-
ever, it is not yet clear how best to implement the high-fidelity gates required
for general-purpose quantum computation.
In this thesis, we present and characterise novel theoretical proposals for fast,
simple and high-fidelity two-qubit gates using magnetic (exchange) coupling
for specific semiconductor quantum dot qubits; namely, the singlet-triplet and
resonant-exchange qubits. These two-qubit operations are simple enough that it
is feasible for them to be implemented in experiments of the near future. Success-
ful implementations would significantly extend the experimentally demonstrable
frontier of semi-conductor quantum dot devices as relevant to their use in uni-
versal quantum computing architectures.
We also develop simple parameter estimation schemes by which it is possible
to substantially mitigate the dominant sources of error for our proposed gates;
namely, low-frequency charge and magnetic noise. We develop the techniques
in the context of pseudo-static magnetic field gradient fluctuations in singlet-
triplet qubits, and demonstrate that these techniques lead to a several orders of
magnitude improvement in single-qubit coherence times. With minimal eﬀort
this could be ported to other qubit architectures.
Keywords:
Quantum Information, Quantum Computing, Quantum Gates, Quantum Simu-
lation, Semiconductor Qubits, Parameter Estimation
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FOREWORD
This thesis was submitted to the School of Physics, University of Sydney, in partial
fulfillment of the requirements for a doctorate. The work presented was completed in
the years spanning 2011–2015 under the guidance of then Associate Professor Andrew
Doherty.
During my candidature, most of my research was dedicated to bridging the gap be-
tween theory and experiment in the context of semiconductor-quantum-dot quantum
computing architectures; with several short-term projects on the side which ultimately
did not prove fruitful.
A major challenge faced by projects attempting to predict what should happen in the
laboratory is determining which approximations one can make with impunity, and
which features of the set-up are required to capture the relevant physics. Indeed, it is
often only after the hard work is done that one realises that some complicated feature
is not actually required. In this work, I frequently found myself in such a labyrinth,
and so it is my hope that the reader enjoys the fact that the included papers and notes
are distilled from a much more itinerate exploration. Choosing what to include, and
what to omit, was largely done on the basis of what best communicates the central
ideas of my work.
Another characteristic feature of my work that is common to most theoretical eﬀorts
to bridge the gap to the laboratory is that a great number of simulations and re-
constructions of various complexity were required. The code used to perform these
simulations was intentionally written in a general manner, and grew into a deliverable
of my work in and of itself. It is now freely available as open source (MIT licensed)
code on GitHub (http://www.github.com/matthewwardrop/), in the hope that it
will be useful for others. If you are interested, look for QuBricks and ParamPy.
The success, or otherwise, of the work presented in this thesis will ultimately be
measured by its utility to experimenters working in the lab and to theorists hoping to
garner an intuition for the important experimental factors aﬀecting the performance
of quantum dot qubits. If you happen to be one such, it is my hope that this work
will be enlightening and helpful to you.
A note on structure and style
During the preparation of this thesis, there were several issues of structure and style
that had to be decided.
Since the bulk of this thesis is comprised by published work, into which substantial
eﬀort has already been made to ensure both correctness and clarity, I have opted to
include the text of these papers as-is. As such, each chapter (representing a separate
paper or body of work) stands alone, and there will be no separate literature review
beyond a basic introduction to the context and structure of this work. Unless oth-
erwise noted, the text included in this thesis is unaltered from the work originally
submitted to the respective journals.
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CHAPTER I
INTRODUCTION
This chapter provides background and context to the problems addressed in, and an
overview of the structure of, this thesis. It motivates our choice of semiconductor quan-
tum dot qubits as a promising architecture for quantum computation, and introduces
the basic concepts key to understanding the work presented in later chapters.
A more detailed review of the literature is provided at the beginning of each subsequent
chapter, as pertinent to the subject matter therein.
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1.1 Why Quantum Computing?
The ability to process, assimilate and generate large amounts of data using general
purpose computers over the last century has radically transformed society, and is now
a mainstay of human endeavour. The first general purpose computer was devised
by Charles Babbage in the early 19th century [1], and consisted of levers and clock-
work that worked together to perform arbitrary calculations. It was, however, well
ahead of its time; and it was not until the mid 20th century that ENIAC (generally
acknowledged as the first general purpose electronic computer) was constructed [2].
By this time, the Church-Turing thesis had been established and become the defini-
tion of what it means for a computer to be capable of solving arbitrary problems.
Essentially, it encapsulates the limitations imposed on computers due to the physical
laws of classical mechanics; and computers which maximally take advantage of this
mechanics are called “Turing-complete”. As a result, the Church-Turing thesis implies
that any computer which is Turing-complete can eﬃciently (with polynomial size and
resources) simulate any other Turing-complete computer. Since that time, computers
have become faster, smaller, more eﬃcient, distributed and ubiquitous; but since the
underlying physical laws governing their behaviour remains unchanged, they are only
able to eﬃciently solve the same classes of problems as earlier lever and clockwork
machines.
In the early 20th century, however, scientific inquiry into the nature of the universe
had begun to stumble across empirical results that proved problematic to explain with
classical mechanics: for example, black-body radiation [3] and the photo-electron ef-
fect [4]. It quickly became unambiguous that the familiar rules of mechanics, such
as Newton’s laws [5], were in fact an emergent phenomenon of some more fundamen-
tal physics – a physics we model today using quantum mechanics. This begs the
tremendously interesting question of whether we can build a “quantum computer”
that takes advantage of this more fundamental physics to solve eﬃciently problems
that are intractable on a conventional computer.
Until the late 20th century, it was actually not clear that there was anything to be
gained from building a quantum computer. In the 1980’s, it was realised [6, 7] that
simulating quantum mechanics using classical computers was going to be a problem.
Since quantum mechanics was a probabilistic theory, it would potentially need to store
in memory amplitudes for all possible states simultaneously, leading to exponential
memory requirements in the size of the simulated system (unless restrictive and poten-
tially untenable approximations are made). Perhaps, it was thought [7], a “quantum
computer” could overcome these limitations; that is, a computer that was “built of
quantum mechanical elements which obey quantum mechanical laws”. More than a
decade later, it was formally shown that such a computer could indeed simulate with
arbitrary precision a runtime-specified quantum system [8], provided that there were a
suﬃcient supply of well-defined qubits (the quantum two-state analogue of a classical
bit) that can be suﬃciently well prepared, measured and manipulated (reviewed in
more detail with specific implementation details by DiVincenzo [9]).i
iNote that we are here interested in general purpose computing devices. If you are instead interested
in simulating a particular quantum system, you can instead build a simpler and/or more accessible
purpose-built quantum system that mimics the statistics of that system. [7]
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The seminal work which launched quantum computing into the spotlight, however,
was not to come until just before the turn of the millennium. It was shown in 1994
[10] that the problem of factorising numbers could be done exponentially faster (in the
number of bits required to represent the number) compared to best known classical
algorithms. Since then many other quantum algorithms (such as those reviewed in
reference [11]) have been derived which oﬀer substantial performance improvements
over existing conventional algorithms, and which are applicable to a wide range of
domains including cryptography, simulations, machine learning and data analysis.
Naturally, this has led to a considerable budget of research attention being dedicated
to the task of implementing quantum computers.
1.2 Building a Quantum Computer
At this stage, it is unclear how best to go about assembling a general-purpose quantum
computing architecture; or indeed, whether it will ultimately prove feasible. For
such an architecture to be useful, it will require the controllable preparation and
interaction of many thousands (if not millions) of qubits, and the ability to perform a
comparable number of logic gates while retaining insensitivity to noise; among several
other similarly challenging things [9]. This is not an easy task, as will become apparent
below when we describe the building blocks of quantum computers, and how one might
implement them.
The fundamental data representation unit of a quantum computer is the so-called
quantum bit (or qubit), which is the analog of a classical bit. Whereas a classical bit
can take on only one of two discrete states (0 or 1), a qubit state |ψ⟩ is a normalised
complex linear superposition of two states (|0⟩ or |1⟩)ii and has two scalar degrees of
freedom; i.e.
|ψ⟩ = cos
(
θ
2
)
|0⟩+ e−iϕ sin
(
θ
2
)
|1⟩ ,
where we have parameterised the two degrees of freedom so as to demonstrate that
the set of allowable qubit states can be represented as the surface of a unit sphere,
called the Bloch sphere, as shown in figure 1.1.
Qubits are able to be “entangled” with one another, which is a peculiar state unique
to quantum systems and a crucial part of essentially all useful quantum algorithms.
An entangled state is any state which cannot be written as the tensor product of
underlying qubit states; for two qubits, any non-entangled state can be written as
|ψ⟩ = |a⟩ |b⟩ ,
where the form |a⟩ |b⟩ is shorthand for the tensor product |a⟩ ⊗ |b⟩, and indicates the
first qubit is in state |a⟩ and the second is in state |b⟩. A common example of an
entangled state is a two-qubit Bell state
|ψ⟩ = 1√
2
(|0⟩ |0⟩+ |1⟩ |1⟩).
iiNote that we are using the conventional “bra-ket” notation to represent the quantum states intro-
duced by Dirac in 1939 [12]. Bras ⟨·| correspond to row vectors, and kets |·⟩ to column vectors.
They are convenient because they label states in a basis independent manner.
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Figure 1.1 – The Bloch Sphere is a way of representing qubit states. All pure
qubit states lie on the surface of this sphere. Any axis through the origin is
a valid measurement axis, where the antipodal intersections with the sphere
are the possible measurement outcomes. In this diagram, we show the X, Y,
and Z axes; each of which having an associated |+⟩ and |−⟩ state. In this
case, the |0⟩ and |1⟩ state described in the text correspond to the |+⟩z and
|−⟩z states respectively.
Although the qubit state itself is continuous, due to the unintuitive behaviour of
quantum mechanical systems, when measured the qubit state probabilistically “col-
lapses” into one of the two antipodal states along the arbitrary axis being measured,
decoupling it from any entangled state, and resulting in a binary classical state. It
is important, therefore, that qubits are measured only at the end of computations,
or whenever required by an algorithm. Since “measurement” occurs whenever the
universe evolves conditionally on the particular system of interest, an ideal implemen-
tation of a qubit would be any two-state system that is perfectly isolated from the rest
of the universe, but which paradoxically allows control from within the universe. Un-
fortunately, this is not possible, and so one must settle on an appropriate compromise.
Diﬀerent qubit implementations make diﬀerent trade-oﬀs, as we shall see below.
Another requirement of any quantum computing architecture is the ability to perform
high fidelity logical operations. For universal computation, it is suﬃcient to have
universal single qubit operations along with at least one two-qubit logic gate [13].
Whereas qubits are usually kept as isolated as possible, during logical operations, the
qubit is intentionally coupled to the universe. The extent to which a qubit is coupled
to the rest of the universe usually determines how quickly qubit operations can be
done; but also how sensitive the system is to spurious input (aka noise). As such,
the kinds of logic gates that are admitted by a qubit implementation also need to be
considered before committing to an implementation. It is no good, for example, to
have a perfectly isolated qubit that acts fantastically as a qubit memory, but which
one cannot perform any logic upon without losing the stored information. Typically,
one wants the logical operations to have fidelities greater than the threshold of around
99.9% required for the computation to be procedurally resistant to error as part of a
fault tolerant scheme [14].
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Attempts to implement a useful quantum computation architecture has spurred re-
search into many diﬀerent physical modalities including: ion traps, superconducting
devices, nuclear magnetic resonance, nitrogen-vacancy centres in diamond and semi-
conductor quantum dots; each of which making slightly diﬀerent compromises while
striving toward the holy grail of scalable general-purpose quantum computing [15].
Each architecture has diﬀerent strengths, which suggests that the way forward might
ultimately be a hybrid of several diﬀerent architectures. Generally speaking, the “nat-
ural atom” (such as ion trap) and optical implementations tend to be better isolated
from the rest of the universe, and so have the least sensitivity to noise and the largest
number of interacting qubits; but also the most diﬃculty scaling up. In contrast,
the “artificial atoms“ (such as semiconductor quantum dot systems) tend to be less
well isolated, and thus are more sensitive to noise and have fewer simultaneously in-
teracting qubits; but have faster gate operations and considerable optimism about
scaling.
In this work, we will be studying semiconductor quantum dot architectures, which
are actually one of the least proven qubit implementations – currently there has been
robust demonstration of only one or two simultaneously controllable qubit systems.
However, of all the architectures, they are particularly promising since the fundamen-
tal components of the architecture are small (measuring in the hundreds of nanome-
tres), and are anticipated to be scalable with the same lithography techniques used
to build conventional computers. There is some justified hope, therefore, that the
semiconductor implementations will advance quickly once they pass the early hurdles
associated with developing the basic building blocks. While there is a long history of
semiconductor quantum devices [16], including promising silicon implementations (e.g.
[17]), we focus our attention here on the most experimentally advanced GaAs/AlGaAs
heterostructure implementations that are of primary relevance to this thesis.
1.3 Semiconductor Quantum Dot Architectures
The notion of using semiconductor quantum dots as part of a quantum computing
architecture germinated in the seminal proposal of Loss & DiVincenzo published in
1998 [18]. Their theoretical proposal describes how one might prepare, control, inter-
act and measure qubits encoded onto the spins of electrons individually confined in
quantum dots; with the spin up |↑⟩ and spin down |↓⟩ states corresponding to the
logical states |0⟩ and |1⟩. Experimental realisation of such qubits and their control
is now well-advanced, with confinement and high-fidelity two-qubit operations having
been demonstrated in around 2005 [19]. High-fidelity single-qubit operations remain a
challenge [20–24] due to the diﬃculty of delivering the control pulses to single electron
spins without aﬀecting neighbouring spins.
While the Loss-DiVincenzo qubits introduced above are agnostic as to the details
of their physical implementation, experiments using synthetic quantum dots formed
within GaAs/AlGaAs heterostructure wafers have demonstrated the most progress
[16]; in large part due to the pre-existing sophisticated techniques and infrastructure
built around this material. Similar implementations exist in silicon-based wafers [17],
which may prove in the long run to be a better choice; since the constituent nuclei
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2DEG
Ti/Au Electrodes
Figure 1.2 – Schematic diagram of quantum dots within a GaAs/AlGaAs wafer.
At the interface between the GaAs and AlGaAs layers, electrons are above
the Fermi-level, forming a two-dimensional electron gas (2DEG). By charg-
ing the electrodes atop the wafer appropropriately, islands can form in the
2DEG (beneath the indicated black circles for the electrodes drawn) that
trap individual (or arbitrarily many) electrons.
do not have net magnetic spin, and thus do not contribute to a local time-varying
magnetic field (called the Overhauser field). Nevertheless, while most of the work
presented in this thesis is also agnostic to implementation details, we calibrate pa-
rameters and simulations to correspond to GaAs/AlGaAs wafers in order to be more
relevant to contemporary experiment; and thus we will focus on these here.
In GaAs/AlGaAs heterostructures, quantum dots are formed by negatively charging
patterned electrodes on top of the wafer; as shown in figure 1.2. At the interface
between the GaAs and AlGaAs, electrons exist above the Fermi-level, resulting in a
low-density two-dimensional sea of free electrons called a 2D electron gas (2DEG). If
one patterns the electrodes correctly, and appropriately calibrates their voltages, it is
possible to deplete regions of the 2DEG such that small islands exist in the 2DEG
that contain single (or arbitrarily many) electrons. Using various pulse sequences
applied via electron spin resonance [16], one can then prepare the state of that spin
into any desired state. By modifying slightly the potentials on the gates, one can
cause multiple neighbouring spins to interact, which gives rise to multi-qubit gates.
While some progress has been made toward robust implementations of Loss-DiVincenzo
qubits, an early insight [25, 26] was that encoding qubits into the spins of greater
numbers of electrons makes them more resilient to relevant sources of external noise,
and allows for simpler (more electronic) control. In particular, the singlet-triplet
double-quantum-dot [26–36] and resonant-exchange triple-quantum-dot [25, 37–42]
qubit encodings have garnered considerable interest in the semiconductor quantum
dot research community, and will be the principle subjects of interest in this thesis.
In the following subsections, we briefly introduce these qubits and discuss two-qubit
coupling, in order to provide a framework for understanding subsequent chapters of
this thesis.
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1.3.1 Singlet-Triplet Qubits
Singlet-triplet qubits encode information into the spins of two electrons, each isolated
in neighbouring quantum dots; such as those dots shown in figure 1.2. The logical
states are chosen to coincide with the singlet |S⟩ = (|↑↓⟩ − |↓↑⟩)/√2 and triplet
|T0⟩ = (|↑↓⟩+ |↓↑⟩)/
√
2 states, giving the qubit its name; where ↑ and ↓ refer to the
direction of the electrons’ spin relative to a large external magnetic field in z-direction
(the wafer is assumed to be aligned with the xy plane).
As hinted above, this qubits’ encoding of information accross two spins allows for
full electronic control; provided that there is a magnetic field gradients accross the
electrons (which is typically provided using dynamic nuclear polarisation [31, 43–46] or
patterned nano-magnets [47–49]). Single qubit control then looks like pulsed exchange
coupling (controlled electronically by reducing the potential barrier between the two
islands in the 2DEG) resonant with the constant rotation induced by the magnetic
field gradient; which together allow for arbitrary rotations about the Bloch sphere.
Additionally, since the total z-projection of the states is zero, the logical states are
immune to global magnetic field fluctuations (provided that the fluctuations are much
smaller than the large external field).
Single qubit control of these qubits have been experimentally demonstrated [19], as has
electrostatic coupling between two of these qubits [32, 50]. The existing demonstra-
tions of two-qubit coupling leaves a lot to be desired, however, as we will discuss in a
subsequent subsection. Exchange-based two-qubit gates have yet to be demonstrated,
though changing that is in part the purpose of this thesis.
These qubits are introduced in more detail in chapter 2.
1.3.2 Resonant-Exchange Qubits
Resonant-exchange qubits encode information into the spins of three electrons, with
logical states |0⟩ = (|↑↑↓⟩ + |↓↑↑⟩ − 2 |↑↓↑⟩)/√6 and |1⟩ = (|↑↑↓⟩ − |↓↑↑⟩)/2. Again,
the arrows represent the spin of the corresponding electron with respect to a large
external magnetic field.
Control of these qubits does not require the existence of a magnetic gradient between
the electron spins, and control looks like pulsed exchange coupling between pairs of the
electron spins (again by changing the charge of the electrodes defining the quantum
dots). In this way, these qubits achieve the “holy-grail” of full electronic control. In
addition to being immune to global magnetic field fluctuations (like singlet-triplet
qubits), they are also insensitive at first order to charge noise [39].
As for singlet-triplet qubits, single-qubit control has been demonstrated [40, 41], but
at this stage no two-qubit gates have been performed. Perhaps the two-qubit gate
discussed in this thesis will be the first.
These qubits are further described in chapters 3 and 4.
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1.3.3 Two-Qubit Coupling
With single qubit control of both singlet-triplet and resonant-exchange qubits now
a matter of routine practice, the next step is to develop robust two-qubit gates. A
large portion of this thesis is devoted to the theoretical development of high-fidelity
two-qubit gates for singlet-triplet and resonant-exchange qubits that are accessible to
contemporary experiment, and in this section we will briefly introduce why this work
was necessary, and what other alternatives exist.
There are two diﬀerent ways in which neighbouring quantum dot qubits can interact
with one another to perform two-qubit gates: using capacitive coupling or exchange
(magnetic) coupling.
Capacitive coupling uses the diﬀerence in the local charge densities of various qubit
states to communicate between qubits, and is typically very weak; leading to slow
poor-fidelity operations. Capacitive two-qubit gates have been proposed for both the
singlet-triplet [51] and resonant-exchange [39] qubits, and demonstrated in singlet-
triplet qubits [32, 50] (with gate fidelities of roughly 75%, well below fault-tolerance
thresholds). One advantage of capacitive coupling is that it allows for relatively large
distances between qubits, since the coupling can in principle be applied indirectly via
a wire or floating gate [52].
Exchange coupling, on the other hand, uses interactions of the (magnetic) spins of
the constituent electrons, which can be tuned electronically to be very large; provided
that the qubits are reasonably close to one another (or some mediating state [53, 54]).
This is the same coupling used in the high-fidelity single-qubit gates for singlet-triplet
and resonant-exchange qubits. When used for inter-qubit coupling, however, it can
lead to unwanted excitations called leakage, which are conventionally mitigated using
complex pulse sequences (e.g. [26, 55]). The complexity of these pulses has so far
prevented them from being feasible in contemporary experiment.
An important contribution of this thesis is to theoretically devise a method for using
of two-qubit exchange coupling, which in theory brings high speeds and fidelities,
without the overhead of complex pulse sequences.
1.4 Outline of Thesis
This thesis presents several theoretical proposals which we expect will be useful in the
near-term future to improve the demonstrable performance of semiconductor quan-
tum dot architectures in the context of universal quantum computing. We present a
novel single-exchange-pulse two-qubit gate for each of the singlet-triplet and resonant-
exchange qubits that are accessible to contemporary experiment, and that have run-
times and fidelities comparable to single-qubit operations. We also consider ways to
reduce the eﬀect of dominant sources of error in these gates: low-frequency charge
and magnetic noise.
In Chapter 2, we present a novel high-fidelity single-exchange-pulse two-qubit gate
for use between adjacent singlet-triplet qubits that uses energy gap suppression of
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leakage and adiabatic pulses to allow for fast gate operation without the need for com-
plicated pulse sequences. In simulations including charge noise models calibrated to
experiment, we demonstrate entanglement-fidelities for our gate in excess of 99.9%.
In Chapters 3 and 4, we respectively introduce and analyse a novel single-exchange-
pulse two-qubit gate for resonant-exchange qubits that is similar in spirit to the one we
proposed for the singlet-triplet qubits. In simulations including charge and magnetic
noise models calibrated to experiment, we demonstrate entanglement-fidelities for our
gate in excess of 95% (and 99% with a suppressed magnetic field fluctuations and a
simple echo pulse).
In our analysis and simulations of our proposed two-qubit gates, we found low-frequency
charge and magnetic noise to be the primary source of error. In principle, however,
it should be possible to measure the precise values of the respective fields prior to
qubit operations; and hence adapt the operations or reinterpret results accordingly.
In Chapter 5, we demonstrate how parameter estimation of the magnetic field gra-
dient can be used to undo the eﬀect of the magnetic fluctuations, prolonging the
coherence times of singlet-triplet qubits by an order of magnitude. We also perform
an analysis of the dynamics of the magnetic field gradient prepared using dynamic
nuclear polarisation, and show that taking those dynamics into account further ex-
tends coherence times by ∼ 30%. With minimal eﬀort, this work can be generalised
to any qubit implementation and be used to combat any source of DC noise. While
more complicated parameter estimation schemes exist [56–59], the ones we present
here have the advantage that they can be embedded in-situ, allowing for real-time
adaptive measurement and control.
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CHAPTER II
EXCHANGE-BASED TWO-QUBIT GATE
FOR SINGLET-TRIPLET QUBITS
This chapter includes unmodified the text of
M. P. Wardrop and A. C. Doherty, “Exchange-based two-qubit gate for singlet-triplet
qubits”, Physical Review B 90, 045418 (2014)
in which we propose and analyse a novel single-exchange-pulse two-qubit gate for
singlet-triplet qubits.
The characteristic features of this gate include energetic suppression of leakage us-
ing magnetic field gradients and adiabatic pulses, which together allow high-fidelity
operation with gate times comparable to single-qubit operations. We demonstrate in
simulations that high-fidelity operation remains possible when subject to charge noise
calibrated to match contemporary experiment.
Text is c⃝American Physical Society.
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We analyze a simple exchange-based two-qubit gate for singlet-triplet qubits in gate-defined semiconductor
quantum dots that can be implemented in a single exchange pulse. Excitations from the logical subspace are
suppressed by a magnetic field gradient that causes spin-flip transitions to be non-energy-conserving. We show that
the use of adiabatic pulses greatly reduces leakage processes comapred to square pulses. We also characterize the
effect of charge noise on the entanglement fidelity of the gate both analytically and in simulations; demonstrating
high entanglement fidelities for physically realistic experimental parameters. Specifically we find that it is
possible to achieve fidelities and gate times that are comparable to single-qubit states using realistic magnetic
field gradients.
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I. INTRODUCTION
Semiconductor quantum dot systems have become an
increasingly promising architecture for large-scale quantum
computing [1,2], growing out of the seminal work of Loss
and DiVincenzo [3]. Any successful quantum computing
architecture must, with high reliability and precision, be able
to encode information, perform universal logical operations,
generate measurable results, and be scalable to allow for large
computations [4]. While various semiconductor materials
have yielded promising results, including, among others,
silicon [5,6] and carbon [7,8] based structures, GaAs/AlGaAs
heterostructures remain very popular due to the advanced
techniques developed for this material by experimenters.
The original semiconductor proposal [3] recognized the
two-level spin system of an electron localized in a gate-defined
semiconductor quantum dot as a natural encoding of a qubit,
which is now called the Loss-DiVincenzo qubit. Two-qubit
control was to be provided by exchange coupling between
the dots, which has been implemented by modifying the
gate voltages that define the dots [9]; and is now a matter
of routine practice. Single-qubit control is more challenging
[10–14], and is usually implemented using electrically driven
spin resonance in the presence of magnetic field gradients that
allow for individual addressing.
Various modifications to Loss-DiVincenzo qubits and their
manipulation have been proposed, each trading off the relative
simplicity of single electron spin qubit encoding for systems of
greater redundancy, ease of implementation, and/or resilience
to experimental noise. Among the most promising of these new
proposals are the “singlet-triplet” qubits [15–24], which will
be the focus of this paper. Another promising candidate is the
exchange-only qubit [25–30], which encodes logical qubits in
the spins of three electrons; allowing for full electronic control
through the exchange interaction alone.
Singlet-triplet qubits encode logical information in a pair
of electron spins. The logical subspace of these qubits is the
two-dimensional subspace of a pair of electron spins that is
not Zeeman-shifted in an applied magnetic field, making them
resistant to global magnetic field fluctuations [15]. Single-
qubit operations are performed using a (potentially static)
magnetic field gradient and an exchange coupling between
the dots. We describe these qubits in more detail in Sec. III A.
Static magnetic field gradients have been demonstrated using
dynamic nuclear polarization [31,32] and patterned nanomag-
nets[33,34]; with gradients as large as 100 mT. There have
been several proposals for two-qubit operations, the realization
of any being sufficient for universality of quantum computation
[35]. The only two-qubit gate currently demonstrated in
experiment uses capacitive coupling [21,36].
In this paper we present a proposal for an exchange-based
two-qubit gate for neighboring singlet-triplet qubits that can
effect high fidelity operations in a single adiabatic pulse.
The use of exchange coupling has the significant advantage
that gates can be fast, with gate times comparable to single-
qubit operations. However, use of exchange coupling between
singlet-triplet qubits typically causes spin-flip transitions that
result in excursions from the qubit subspace, leading to
so-called leakage errors. Such leakage errors are suppressed
during our gate by a static magnetic field gradient that
causes spin-flip transitions to violate energy conservation,
and are further mitigated by the adiabatic pulsing of the
interqubit exchange couplings. Our proposal does not depend
on the details of the substrate in which the quantum dots
are embedded, or the way in which the exchange coupling
and magnetic field gradients are realized, allowing for novel
effective fields and couplings to be used (e.g., [37,38]). In
simulations incorporating physically realistic charge noise,
we found that with static magnetic field gradients less than
100 mT, and gate times as short as 7 ns, our gate can perform
with entanglement fidelities in excess of 99.9%. In this
regime, our gate performs with similar fidelity to single
qubit operations. Our study complements a similar proposal
described by Klinovaja and collaborators [23], which considers
pulse sequences as an alternative to adiabatic pulses for solving
the problems of leakage, and focuses on spin-orbit coupling
and Overhauser noise instead of charge noise. In addition, Li
and collaborators [39] describe several pulse sequences which
can effect two-qubit gates, and Kestner [40], Wang [41], and
collaborators have developed pulse sequences which mitigate
the effect of low-frequency Overhauser and charge noise. The
notion of energetically suppressing leakage processes also
appears in our two-qubit gate proposal [30] for the resonant
exchange qubit [28,42], in which context the use of adiabatic
pulses is also expected to lead to significant reduction in
leakage.
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Our two-qubit gate does not have some of the drawbacks
of earlier proposals. The exchange-based two-qubit gate
accompanying the original singlet-triplet qubit proposal [15]
required a sequence of complicated exchange pulses between
neighboring singlet-triplet qubits. Apart from their complexity,
these sequences also required very precise timing and negli-
gible charge noise in order to minimize leakage. Capacitive
two-qubit gate proposals [21,36,43,44] have the advantage of
having actually been implemented, and being applicable for
more widely spaced qubits, but it has proven difficult thus far
to create large charge dipoles in singlet-triplet qubits, leading
to gate times an order of magnitude slower than single-qubit
exchange gates [9,36]. There have been some promising
proposals to strengthen capacitive interactions, such as floating
gates [44]. A more fundamental limitation is that charge noise
in the control voltages couples into capacitive interactions
unfavorably [21]. In contrast, our proposal promises gates
that can be implemented between nearest neighbors using
relatively simple adiabatic pulses; with gate times comparable
to single-qubit operations, and a more favorable noise scaling
that allows one to trade off gate speed for less sensitivity to
charge noise.
This paper is organised as follows: in Sec. II we describe a
model for semiconductor quantum dot systems; in Sec. III
we describe the mechanics of our two-qubit operation; in
Sec. IV we introduce a model for charge noise in singlet-triplet
systems; in Sec. V we analytically investigate the performance
of our gate subject to this charge noise model; in Sec. VI
we present the results of simulations of our two-qubit gate
and compare with the results of the previous section; and in
Sec. VII we discuss the significance of these results.
II. PHYSICAL MODEL
In this section we introduce the model we use to describe
exchange-coupled quantum dots, which we use in the fol-
lowing section to explain the mechanism of our proposed
two-qubit gate for singlet-triplet qubits.
We have chosen to model a system of N electrons (each iso-
lated in a gate-defined quantum dot) with the time-dependent
Heisenberg Hamiltonian:
H (t) = μ
N∑
n=1
Bn(t)σnz +
1
4
∑
〈i,j〉
Jij (t)(σ i · σ j − I ), (1)
where 〈i,j 〉 indicates that the sum should only include pairs
of i and j if there exists non-negligible quantum tunneling
between quantum dots i and j ; and σ i is the vector of Pauli
operators (σx,σy,σz) acting on dot i. The first sum of terms
describes Zeeman splitting of the spin states at each dot due
to the local magnetic field Bn(t), and the second describes
the exchange couplings Jij (t) between the dots. We set  = 1
throughout this paper.
A large external magnetic field B0 = Bz0 = 14
∑
n Bn cre-
ates a preferred orientation, which we arbitrarily label the z
axis. All of the magnetic fields Bn are taken to be along this z
axis, as the effects of perpendicular fields will be suppressed
provided B⊥n  Bzn. We will find it useful to consider the
magnetic fields in the following basis: the global back-
ground magnetic field B0 = 14
∑
n Bn, the interqubit gradient
B = 12 (B1 + B2 − B3 − B4), and the intraqubit gradients
12 and 34 with ij = Bi − Bj . Thus B1 = B0 + 12B +
1
212, and so on.
Computation using singlet-triplet qubits requires control of
the exchange couplings Jij (t), which depend on the shape of
the quantum dot potential wells that are in turn determined
by electrode voltages that we parametrize by εij , and so
Jij (t) = Jij [εij (t)]. The precise dependence of Jij on εij
is determined by the microscopic details of experimental
apparatus. In order to make quantitative statements about our
proposal, in Sec. IV B we will consider a phenomenological
fit to data from GaAs/AlGaAs singlet-triplet experiments.
This model can be regarded as an approximation of the
more general Hubbard model with N sites, local magnetic
fields Bn(t), and tunneling between sites i and j of tij (t).
The exchange coupling terms Jij (σ · σ − II ) are the second-
order perturbative effect of quantum tunneling tij , with Jij =
4t2ij /EC , where EC is the energy penalty associated with charg-
ing a quantum dot with two electrons. This approximation
holds in the limit of weak tunneling tij  EC.
III. LOGICAL OPERATIONS
In this section we provide an intuition for how our gate
works, before describing it in detail. The key physics that un-
derpins the operation of our gate is the same as for single-qubit
exchange gates, made more complicated by the possibility
of low-energy excitations from the logical subspace. We
suppress these by applying a gradient magnetic field to make
spin-flip transitions non-energy-conserving, as also discussed
in Klinovaja et al. [23]. We first review single-qubit gates.
A. Single-qubit gates for singlet-triplet qubits
Singlet-triplet qubits are encoded in the spins of two
electrons, each isolated in a quantum dot (such as one of the
qubits in Fig. 1), and are controlled using interdot magnetic
field gradients and variable exchange coupling, in the presence
of a strong global magnetic field. The Hamiltonian describing
such a system is that given by Eq. (1) restricted to two dots
(N = 2).
The strong global magnetic field B0 makes the spin basis
a natural one for this system: |↑↑〉, |↑↓〉, |↓↑〉, and |↓↓〉,
where the arrows indicate the ˆSz projection of the electrons’
spin. The global field B0 Zeeman splits the
∑
ˆSz = 0 states
from the
∑
ˆSz = 0 states, which energetically suppresses the
hyperfine interactions between the electron and semiconductor
lattice nuclear spins that would otherwise cause excitations
between them [9]. The singlet-triplet qubit is encoded in the
two-dimensional
∑
ˆSz = 0 subspace, which is spanned by
the states {|↑↓〉,|↓↑〉}. The exchange term 14J12(σ 1 · σ 2 − I )
has two eigenstates in the logical subspace: the singlet
state |S〉 = (|↑↓〉 − |↓↑〉) /√2 and the ˆSz = 0 triplet state
|T0〉 = (|↑↓〉 + |↓↑〉) /
√
2, which are customarily chosen
to be the computational basis states (hence the name
“singlet-triplet” qubit [9]).
Universal control of a qubit entails the ability to per-
form arbitrary rotations of Bloch vectors around the Bloch
sphere, which requires two independent axes of rotation.
For singlet-triplet qubits, these are provided by a static
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FIG. 1. (Color online) Schematic diagram of a two-singlet-
triplet-qubit configuration. The four quantum dots are indexed by
{1,2,3,4}, and are slanted to indicate that a specific physical arrange-
ment is unimportant. The intraqubit exchange couplings required for
single-qubit operations are shown in dashed green (J12 and J34); and
the interqubit couplings required for our two-qubit gate operation are
shown in solid blue (J14 and J23). Important magnetic field gradients
are depicted by thin broken grey lines joining solid discs, and labeled
with the appropriate symbols: B = 12 (B1 + B2 − B3 − B4) and
ij = Bi − Bj .
magnetic field gradient B = B1 − B2 and a variable ex-
change coupling J12(t), as depicted in Fig. 2. In order
to simplify discussion in this paper, we have chosen to
orient the Bloch sphere such that the north and south poles
are aligned with |↑↓〉 and |↓↑〉 respectively; and the x
axis with the singlet state |S〉 = (|↑↓〉 − |↓↑〉) /√2 and the
triplet state |T0〉 = (|↑↓〉 + |↓↑〉) /
√
2. This choice of Bloch
axes is unconventional (e.g., [9]), but allows us to describe
the operation of our two-qubit gate in terms of diagonal
Pauli z operators in subsequent sections. In this basis, the
magnetic field gradient causes coherent phase evolution of
FIG. 2. (Color online) Schematic showing the alignment of the
single-qubit Bloch sphere. The magnetic field gradient B rotates an
arbitrary qubit state |ψ〉 about the z axis of the Bloch sphere, while
the exchange interaction J12 rotates it about the x axis.
an arbitrary superposition |ψ〉 = α|↑↓〉 + β|↓↑〉 
→ α|↑↓〉 +
β exp(iμBt)|↓↑〉, which describes rotations about the z axis
of the Bloch sphere. It is sufficient for this field gradient
to be static, since one can keep track of the precession.
The exchange operator lowers the singlet state |S〉 in energy
by a controllable amount J12(t) compared to the triplet
states {|↑↑〉,|T0〉,|↓↓〉}. This causes coherent phase evolution
of an arbitrary superposition |ψ〉 = α|S〉 + β|T0〉 
→ α|S〉 +
β exp(−i ∫ t0 J12(t ′)dt ′)|T0〉, which describes x axis rotations
around the Bloch sphere. When |ψ〉 is an equal superposition
of |S〉 and |T0〉, these rotations are manifest as coherent
oscillations between the |↑↓〉 = |T0〉 + |S〉 and |↓↑〉 = |T0〉 −
|S〉 states. Together, these two operations can effect an arbitrary
rotation in the Bloch sphere, and thus provide universal control.
To characterize single-qubit gate times for later comparison
to two-qubit operations, we consider an application of a SWAP
gate that has the effect of flipping the spins of the two electrons
encoding the qubit state. This occurs when the qubit state |ψ〉
is rotated about the x axis of the Bloch sphere by π radians,
which is when
∫ τ
0 J12(t)dt = π (cf. [9]), or when gate time
τ = π/J12 avg.
B. Our two-qubit exchange gate
The premise of our two-qubit gate proposal is to use ex-
change couplings J14 andJ23 between two singlet-triplet qubits
(as shown in Fig. 1) in order to perform a conditional phase
gate (CPHASE) between the logical states of the two qubits.
There are four quantum dots in the combined two-qubit
system, which are described by the Hamiltonian in Eq. (1) with
N = 4. Just as for the single-qubit case, the strong background
magnetic field makes the 24 = 16 spin configurations a natural
basis. The logical basis is the tensor product of the single-qubit
subspaces: {|↑↓,↑↓〉,|↑↓,↓↑〉,|↓↑,↑↓〉,|↓↑,↓↑〉}. Unlike the
single-qubit case, the logical subspace is not energetically
isolated by the global magnetic field. There are two nonlogical
states (called “leakage” states) which also have ∑ ˆSz = 0 :
|↑↑,↓↓〉 and |↓↓,↑↑〉. This makes the system susceptible to
zero-energy excitations from the logical subspace. To make
matters worse, such leakage transitions are actually driven
from the logical states |↑↓,↑↓〉 and |↓↑,↓↑〉 by the exchange
couplings J14 and J23 that are necessary for our two-qubit gate.
The addition of a magnetic field gradient B between the
two qubits isolates the logical subspace from the leakage
states by approximately μB. In the limit that exchange
couplings J14 and J23 are much less than μB, transitions
from the logical subspace to the unwanted
∑
ˆSz = 0 states
are energetically forbidden (and thus suppressed). We will
later discuss the use of adiabatic activation of Jij to further
suppress leakage. Note that the field gradient must be much
smaller than the applied homogeneous field B  B0, so
that B0 remains the dominant energy scale. Since leakage
from the logical subspace can in principle be made negligible
by choosing small enough Jij  μB  μB0, we postpone
further discussion of leakage until Sec. IV A, and focus on
perfectly adiabatic gate operation.
During the operation of our gate, we turn off intraqubit
exchange couplings J12 and J34, before activating J14 and/or
J23. This effectively decouples the system into a new pairing
of quantum dots which are described by exactly the same
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Hamiltonian as singlet-triplet qubits, but which are not
confined to the singlet-triplet logical subspace. In particular,
notice that if the two-qubit system is initially in the logical state
|↑↓,↓↑〉, then the new pairings would lead to two-quantum-dot
triplet states |↑↑〉 and |↓↓〉 that previously did not correspond
to logical states.
As described in Sec. III A, activating exchange coupling
between dots i and j lowers the singlet energy state by
Jij compared to the relevant triplet states. Under J14 and/or
J23, the logical states that have singlet character under the
new pairings, |↑↓,↑↓〉 and |↓↑,↓↑〉, reduce in energy by
approximately 12 (J14 + J23) compared to the other two logical
states, |↑↓,↓↑〉 and |↓↑,↑↓〉. This interaction looks like a
logical σzσz coupling between the two singlet-triplet qubits;
which is well known to generate CPHASE gates modulo
single-qubit z rotations (e.g., [45]) when the phase associated
with σzσz has accumulated to π/2. We will show more
rigorously in the following that a CPHASE gate results after a
time τ such that
∫ τ
0 [J14(t) + J23(t)] dt = π ; or τ = π/(J14 +
J23)avg. Although it appears that our gate could be twice as
fast as the singlet-qubit SWAP gate (see Sec. III A), [∑ Jij ]avg
is likely to be at least halved by the adiabatic pulses that are
required for high fidelity operation (discussed in Sec. IV).
For a more experimentally achievable linear arrangement
(J23 = J , J14 = 0) using an adiabatic pulse, our gate would
have operation times of roughly twice that of a single-qubit
SWAP gate with comparable fidelity.
We can formalize this argument by appealing to perturba-
tion theory to further motivate the σzσz coupling between the
qubits. Since J14 + J23  B0, we can consider the exchange-
coupling terms (V ) to be a perturbation to the Zeeman splitting
terms (H0) of the Hamiltonian in Eq. (1). The first-order
perturbed Hamiltonian will then be H 1 = H0 + PVP , where
P is a projector onto the spin basis; and hence only the diagonal
components of V can affect the eigenstates of the Hamiltonian
at first order. The exchange-coupling operators are of the form
σ · σ = σxσx + σyσy + σzσz (identity operators omitted), and
so only the σzσz terms will contribute, which when projected
onto the logical subspace looks like a logical σzσz interaction.
The σxσx and σyσy components give rise to corrections at
higher orders of perturbation theory, which nevertheless turn
out to be correctable using single-qubit phase gates.
Due to the simplicity of the model, we can in fact solve
the system exactly for the eigenvalues and eigenstates by
breaking the system down into a series of two-level systems,
for example, for J14 = 0, the two-level system of |↑↓,↑↓〉
and |↓↓,↑↑〉. The energies for all eigenstates are tabulated
in the Supplemental Material [46]. Since we are principally
interested in the dynamics of the logical subspace, we restrict
our attention to the states which adiabatically transform to
the logical basis {|↑↓,↑↓〉,|↑↓,↓↑〉,|↓↑,↑↓〉,|↓↑,↓↑〉} which
we label {|1〉|1〉,|1〉|0〉,|0〉|1〉,|0〉|0〉} respectively. We can then
write a Hamiltonian, termed the “effective” Hamiltonian, that
reproduces the instantaneous energy spectrum. Written in
terms of effective Pauli operators σ˜ iz for qubit i, e.g., σ˜ 1z =
(|1〉〈1| − |0〉〈0|) ⊗ I , the resulting effective Hamiltonian is
Heff = (μ12 + ¯B)σ˜ 1z + (μ34 + ¯B)σ˜ 2z
+ 14 (J14 + J23)
(
σ˜ 1z σ˜
2
z − II
)
, (2)
with ij = Bi − Bj and ¯B an effective global intraqubit
magnetic field that depends on Jij and the magnetic field
gradients between each pair of dots. For the precise form of
¯B, refer to the Supplemental Material.
The effective Hamiltonian in Eq. (2) can be used to calculate
the dynamical two-qubit phase accrued by adiabatic evolution
of our gate; in which case our gate will perform a perfect
CPHASE gate using a single exchange-coupling pulse in a time
τ = π/(J14 + J23)avg modulo known correctable single-qubit
gates. One can either keep track of the single-qubit errors
described by this Hamiltonian and later correct them after one
or several gate operations, or correct them during the gate
operation by various pulse sequences [23].
IV. SOURCES OF ERROR
Our proposed two-qubit gate will suffer from two main
sources of error: leakage and environmental noise. Leakage
from the logical subspace will occur due to excitations to
the the nonlogical
∑
ˆSz = 0 states during the course of our
gate, which we suppress in our proposal using a magnetic
field gradient and adiabatic exchange pulses. While the basic
mechanics of our gate are agnostic about the details of im-
plementation, the nature of environmental noise depends very
much on these details. In order to make quantitative predictions
about the performance of our gate, we have chosen to mimic the
noisy environment of GaAs/AlGaAs semiconductor systems.
In these systems, we anticipate that charge fluctuations are
likely to be the largest source of environmental noise; as was
observed in single qubit singlet-triplet exchange experiments
[24]. As a result, in this work we neglect the Overhauser field
due to the bath of nuclear spins in the semiconductor lattice,
which should be less significant than charge noise over the
time scale of a single gate, and which can in any case be
suppressed, for example, by nuclear state preparation [31,47].
We also neglect the influence of spin-flip processes arising
from spin-orbit coupling [23], which have been shown to occur
on millisecond time scales [16,48] rather than the nanosecond
time scales in which we are interested.
A. Leakage
We define leakage (L) to be the probability that the state of
the system, if measured, would not be in the logical subspace:
L = 1 − 〈ψ |P |ψ〉, where ψ is the state of the system, and P
is the projector onto the logical subspace. In the analysis of
our two-qubit gate in Sec. III B, we restricted the domain of
attention to the logical subspace, explicitly neglecting leakage.
Without spin-orbit coupling, leakage can only occur to other
states in the
∑
ˆSz = 0 subspace. Although leakage to the
off-subspace states {|↑↑,↓↓〉,|↓↓,↑↑〉} is suppressed by the
energy gap μB introduced by B, if the exchange coupling
terms are too quickly varied, diabatic transitions will still occur
and result in leakage probability oscillations with frequency
∼μB/h; as seen for the square (nonadiabatic) profile in
Fig. 3(b). Since the leakage is periodically returning to zero, it
is in principle possible to minimize leakage by using precise
timing of the gate in a manner similar to Levy’s original
proposal [15]. However, this only works in the absence of
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FIG. 3. (Color online) (a) The square, linear, sinusoidal, and
xsinusoidal adiabatic pulse profiles discussed in the text. Amplitudes
are chosen to preserve gate operation time, and hence the average
value of J . We have here chosen Javg = 0.18 μeV, which corresponds
to a gate time of roughly 11.5 ns. (b) Leakage from the logical
subspace during the operation of the gate for each of the square,
linear, sinusoidal, and xsinusoidal pulses in (a). Note that the use of
adiabatic profiles can significantly reduce leakage errors at the end of
the gate operation.
other sources of noise, and is in practice very difficult in any
case, and we suggest that the suppression of leakage using
adiabatic pulses is substantially more robust.
An adiabatic pulse is one that turns on slowly and
smoothly enough that the system remains in an instantaneous
eigenstate. The rate at which a pulse can be turned on while
remaining adiabatic depends on the energy gap between the
occupied eigenstates and their neighbors. In our case, two
of the four logical states {|↑↓,↑↓〉,|↓↑,↓↑〉} can leak to the
states {|↑↑,↓↓〉,|↓↓,↑↑〉}, which are separated in energy by
approximately μB.
While a pulse can never be perfectly adiabatic, even a very
simple adiabatic pulse can greatly improve gate performance.
In this paper, we have chosen to demonstrate the behavior of
adiabatic pulses using three representatives: linear, sinusoidal,
and “xsinusoidal,” which we compared to the nonadiabatic
square pulse, as defined below:
Jsq(t) = Javg = π
τ
, Jlin(t) = 2Javg
(
1 −
∣∣∣∣2tτ − 1
∣∣∣∣
)
,
Jsin(t) = Javg
[
1 − cos
(
2πt
τ
)]
,
Jxsin(t) = Javg 6π
2
(π2 + 3)
t(τ − t)
τ 2
[
1 − cos
(
2πt
τ
)]
,
each of which is depicted in Fig. 3(a). For ease of comparison,
each profile has been normalized such that for any given gate
time τ the area is the same as a square pulse of coupling
strength Javg = π/τ , which in turn will have an area π in
order to enact our gate (see Sec. III B). The benefits of using
an adiabatic pulse are evident in Fig. 3(b), in which leakage is
reduced by several orders of magnitude at the end of the gate
for all adiabatic pulse profiles.
It is possible to calculate corrections to the adiabatic
approximation that provide analytic estimates of the leakage
for different pulses. We used the adiabatic perturbation theory
(APT) of de Grandi et al. [49], which predicts that the
leakage probability scales with the lowest-order derivative of
the adiabatic pulse that is discontinuous. There will always
be a discontinuity at some differential order for t = 0 and
t = τ , and for the linear case, for t = τ/2. The adiabatic pulses
selected for this paper were chosen such that each profile had
increasing order at which the discontinuities occurred; and
in this sense are representatives of a much larger family of
adiabatic pulses. Note too that we have avoided continuous
profiles that are not smooth, such as adiabatic ramps to a
plateau, as the reductions in adiabaticity from discontinuities
would accumulate and one can always generate a pulse with
the same gate time which performs better. For example, while
we have included the linear ramp because of its simplicity, a
better choice would have been the parabola −Javg 6πτ 3 t(t − τ );
which would have avoided the larger leakage oscillations after
t = τ/2 visible in Fig. 3(b). The corrections arising from APT
describe the amplitude and frequency of leakage oscillations,
like those seen in Fig. 3(b). It is reasonable to assume that the
experimenter will not have fine-grained temporal control due
to noise and/or apparatus limitations, in which case one wants
to make the conservative assumption that the gate concludes
at a peak in these oscillations. Following de Grandi et al. [49],
we calculate such a worst-case leakage probability for each
of these pulses, as shown in Table I. These upper bounds are
compared to data from our simulations in Fig. 4, showing
reasonable agreement. As J approaches μB in this plot,
the energy gap between the logical subspace and the other∑
ˆSz = 0 states closes, causing the evolution of the system to
become strongly diabatic and resulting in a saturated leakage
of 0.5 for all of the profiles (0.5 because only two of the four
logical states experience leakage from the logical subspace
under exchange). From these results, we derive a pattern
whereby the maximum leakage for a symmetric pulse with
fixed area Javgτ = π with first discontinuity at order q will
TABLE I. Maximum leakage error as calculated from adiabatic
perturbation theory along the lines of de Grandi et al. [49] for our
selection of adiabatic pulse profiles. The order of discontinuity refers
to the lowest differential order (with respect to time) at which the
relevant pulse exhibits a discontinuity.
Profile Order of discontinuity Maximum leakage
Square 0 ∝J 2avg [for fixed B ]
Linear 1 32
π2
(Javg/μB)4
Sinusoidal 2 16(Javg/μB)6
Xsinusoidal 3 124π24(π2+3)2 (Javg/μB)8
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FIG. 4. (Color online) A log-log plot of leakage immediately
after a gate operation as a function of J/μB. Upper bound
predictions from adiabatic perturbation theory (dashed lines) are
compared to data from simulations (solid traces) for the square (blue),
linear (green), sinusoidal (red), and xsinusoidal (purple) adiabatic
pulses, demonstrating reasonable agreement.
scale as (Javg/μB)2(q+1). The implication of this scaling is
that, for any given adiabatic pulse profile, the ratio of J/μB
gives a measure for the adiabaticity of the adiabatic pulse.
For the rest of this paper, we assume the use of a sinusoidal
adiabatic pulse to minimize leakage. We chose the sinusoidal
pulse because of its narrow bandwidth (which may make
it more straightforward to generate in the laboratory) and
because it boasts leakage suppression comparable with the best
in the domain likely to be of most interest (J/μB ≈ 0.1).
B. Charge noise
Charge noise is the result of uncontrolled electromagnetic
fields coupling into the control voltages εij of the gates defining
the quantum dots, which in turn adds noise to the exchange
couplings Jij of Eq. (1). In this section, we describe our model
for charge noise and discuss its effect on our two-qubit gate.
Since charge noise manifests itself in the control voltages εij
rather than in Jij directly, we must find an ansatz for Jij (εij ).
This is very difficult to do theoretically, and so we model
J ’s dependence phenomenologically on the basis of known
experimental results on single singlet-triplet qubits (recall that
singlet-triplet qubits share the same mechanism as our two-
qubit gate). In several GaAs singlet-triplet qubit experiments
[9,24,31], an exponential ansatz J (ε) = J0 exp(ε/εD) with
free parameters J0 and εD has been found to be a good
phenomenological fit to experimental data over a wide range
of interesting values of εij , and so we adopt it in this work.
A more complicated ansatz emerges from perturbation theory
[20], but due to complex interactions of the electrons with the
lattice in GaAs experiments, it is not clear whether this ansatz
is actually a better description.
While the noise spectrum of εij is difficult to predict
theoretically, experimental results [24] suggest that the spec-
trum is reasonably well approximated by a combination of
low-frequency pseudostatic components ε¯ij that do not vary
significantly during the gate, and high-frequency white-noise
components ε˜ij that do. We introduce a notation εˆij to
refer to the experimentally achieved control voltage, which
includes noise atop the theoretically desired value εij , i.e.,
εˆij = εij + ε¯ij + ε˜ij . (Dial and collaborators [24] also con-
sidered a power-law charge noise spectrum which had some
advantages over this model, but we do not expect this
distinction to qualitatively affect our analysis of the gate, and
our simpler two-component noise spectrum allows for more
straightforward analytical analyses of gate fidelities.)
We model the pseudostatic noise component ε¯ij to be
a random variable normally distributed about zero. These
low-frequency components give rise to a Gaussian decay in
coherence, with a relaxation time of T ∗2 =
√
2(σε¯| dJdε |)−1, that
is reversible using spin-echo pulses similar to those used in
NMR. The standard deviation of ε¯ (σε¯) can be determined
by fitting T ∗2 times from free induction decay simulations of
singlet-triplet qubits to experimentally measured values. The
effect of pseudostatic noise on our gate is to shift the average
exchange coupling Javg for the gate, causing the two-qubit
phase
∫ τ
0 {J14[εˆ14(t)] + J23[εˆ23(t)]}dt to deviate from its ideal
value of π . With our choice of ansatz for J , we find that
for any sampled value of ε¯ the two-qubit phase scales like
π exp(ε¯/εD). This provides the intuition that pseudostatic
noise causes an under- or overaccrual of two-qubit phase that
is approximately independent of gate time.
The high-frequency noise component ε˜ij is modelled as
Gaussian white noise with mean zero, which means that it
is δ correlated 〈ε˜ij (t1)ε˜ij (t2)〉 = Dij δ(t1 − t2), where Dij is
the spectral density of charge fluctuations. The first-order
correction to the exchange terms in Eq. (1) due to high-
frequency noise is (dJij /dεij )|εij ε˜ij (σ i · σ j − II ). Standard
methods can be used to describe the average evolution of the
system in this kind of white noise in terms of a master equation
[50]. The resulting Lindblad master equation for the system
state ρ is found to be
ρ˙ = −i[H,ρ] +
∑
〈i,j〉
Dij |dJij /dεij |2D[σ i · σ j ], (3)
where D[O] = O†ρO − 12 (ρO†O + O†Oρ) is the Lindblad
superoperator for some operator O. This model describes an
irreversible exponential decay in coherence, with a relaxation
time of T2 = (8D| dJdε |2)−1. The spectral density of charge
fluctuations Dij can be determined by fitting the results of
simulations to experimental T2 relaxation times, for example,
in Hahn echo experiments.
While this model of charge noise is very simple, we believe
it captures the essential details of the noise to which our gate
is likely to be most subjected in GaAs semiconductor systems.
The model has the nice feature of being completely specified
by experimental measurements of T2 and T ∗2 . An alternative
would be to perform simulations with various specified power-
law noise spectra, for example, 1/f noise [51]; however, as
noted above, we would not expect qualitatively different results
from this approach, at least for the performance of a single gate
operation.
V. QUANTIFYING GATE PERFORMANCE
We would like to be able to say something about the
performance of our two-qubit gate and its resilience against
the sources of error introduced in the previous section, which
requires us to have a measure of the gate’s performance. While
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we have already used leakage as a performance indicator
in Sec. IV A, it neither characterizes the behavior of the
gate on the logical subspace nor includes the effects of
charge noise, and so low leakage does not imply that the
desired logical operations have actually occurred. We therefore
choose to quantify the performance of our gate by comparing
the state of the two-qubit system to some computed ideal
state using the entanglement fidelity [52]. The entanglement
fidelity is designed to determine whether a gate is accurate
for all possible inputs and whether it preserves any initial
entanglement with the rest of an imagined quantum computer.
It is defined in terms of a thought experiment in which one
wants to enact an ideal gate ¯U on one half of a maximally
entangled state |0〉 = 1√
d
∑
i |ψi〉 ⊗ |ψi〉 (where d is the
number of logical states, and d = 4 for a two-qubit gate)
to yield | ¯〉 = ( ¯U ⊗ I )|0〉. If instead we succeed only
in performing U , then we yield |〉 = (U ⊗ I )|0〉. The
entanglement fidelity of U is then just the fidelity between
these two states:
F = |〈 ¯∣∣〉|2.
The entanglement fidelity is 1 if and only if the gate is perfectly
implemented, and is less than 1 for all other operations, with
lower values reflecting less accurate implementations of the
gate. Among the attractive features of the entanglement fidelity
is its simplicity and its close relationship with other measures
of gate performance, such as average fidelity [53,54]. Notice
that our measure of fidelity assumes that the initial state of
the computation is in the logical subspace (and hence d = 4,
rather than d = 6). Leakage from the logical subspace will
result in |〉 living in a larger space, and hence a reduction
of entanglement fidelity. The entanglement fidelity can be
trivially extended to describe the fidelity of nonunitary (noisy)
implementations of the gate.
We are interested only in the performance of the two-qubit
component of the implemented unitary. Since universal single-
qubit operations are already possible (see Sec. III A) and well
characterized [9], we need only a nontrivial two-qubit gate to
generate a universal set of gates for quantum computation [35].
Thus, while in practice our protocol produces a CPHASE gate
along with some known single-qubit rotations (as described
in Sec. III B), it would not be necessary in some experimental
implementations to correct them immediately after each gate
application, and if it were, these gates can be echoed away by a
protocol such as the one in Klinovaja et al. [23]. Consequently,
we compute the entanglement fidelity of our gate assuming
that the optimal single qubit corrections have been perfectly
applied. In practice this means that we compare our gate to a
constructed ideal unitary ¯U that maintains the ideal two-qubit
phase while also including whatever single qubit z rotations we
find in the simulation of our gate. This corresponds to an ansatz
¯U = eiφII eiφZI σ˜ 1z eiφIZσ˜ 2z eiφZZσ˜ 1z σ˜ 2z with global and single-qubit
phases φII , φIZ , and φZI extracted from simulations, and the
two-qubit phase φZZ set to π . There are some subtleties to this
process which we discuss in the Supplemental Material [46].
The simplicity of our two-singlet-triplet-qubit model allows
us to gain some intuition about the entanglement fidelity
by considering the analytic solution for fidelity in terms of
the leakage at the end of the gate L0 and the parameter
 = φZZ − ¯φZZ , where φZZ and ¯φZZ = π are the extracted
and ideal two qubit phases respectively. Note that  charac-
terizes any under- or overaccrual of two-qubit phase acquired
during the gate operation. We show in the Supplemental
Material [46] that the entanglement fidelity F at the end of
the gate is
F = 12 (1 +
√
1 − 2L0 cos(2) − L0) (4)
= 1 − L0 − 2 +O
(L20)+O(L02) +O(4). (5)
Perfect gate implementations will have  = 0, whereas in the
presence of charge noise it will assume nonzero values since
φZZ 
∫ τ
0 [J14(t) + J23(t)] dt .
Our charge noise model of Sec. IV B allows us to make
some more quantitative statements about . Consider a square
pulse for simplicity (adiabatic pulses are not expected to
lead to qualitatively different results) with first-order noise
perturbations, J (t) = Javg + (ε¯ + ε˜)(dJ/dε)|J (ε)=Javg , where
ε¯ and ε˜ are the pseudostatic and high-frequency potential
fluctuations caused by charge noise (see Sec. IV B). The phase
error  is then
 = π
Javg
dJ
dε
∣∣∣∣
J=Javg
(ε¯ + ε˜)avg,
where (ε¯ + ε˜)avg =
∫ τ
0 [(ε¯ + ε˜)/τ ] dt is the average charge
fluctuation during the operation of the gate. Our noise model
posits that ε¯ and ε˜ are both independent and Gaussian
distributed, which allows us to easily calculate the statistical
properties of (ε¯ + ε˜)avg: 〈(ε¯ + ε˜)avg〉 = 0 and 〈(ε¯ + ε˜)2avg〉 =
σ 2ε¯ + D/τ . While different charge spectra beyond our model
would lead to different time dependencies for 〈(ε¯ + ε˜)2avg〉, it
would always be qualitatively true that nonpseudostatic noise
averages out over long enough time scales. This implies the
statistical properties of :
〈〉 = 0,
〈2〉 = π
2
J 2avg
dJ
dε
∣∣∣∣
2
J=Javg
(
σ 2ε¯ + D/τ
)
.
If we further assume the exponential ansatz J 
J0 exp(ε/εD) we obtain a particularly simple estimate of the
expected entanglement fidelity 〈F〉:
〈F〉  1 − L0 − π2 σ
2
ε¯ + D/τ
ε2D
. (6)
This formula affords us the important intuition that one is in
principle able to maximize the fidelity of our gate by choosing
sufficiently long gate times, at which point fidelity will be
limited by a pseudostatic noise floor that also determines the
fidelity of single-qubit operations. This is evident because both
leakage and the effect of high-frequency noise are monoton-
ically decreasing functions of the choice of gate time, and
pseudostatic noise contributions are constant. The leakage L0
due to the pulse scales as (τB)−c for some c that depends on
the adiabaticity of the pulse (as shown in Sec. IV A). Additional
leakage contributions arise from high-frequency noise, at a rate
4D|dJ/dε|2 predicted by the master equation (3), and hence a
contribution to L0 proportional to D/(τε2D). Since all sources
of fidelity dimunition apart from pseudostatic noise decrease
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TABLE II. Model parameters kept constant while exploring J and
B. The global magnetic field is nominal. The noise parameters σε¯
and D were calibrated by respectively matching somewhat typical
values of T ∗2 and T2 from experiment [24]. The parameters for
the exponential ansatz J (ε) = J0 exp(ε/εD) were chosen to roughly
match the experimental results of Dial and collaborators [24].
Parameter Value
Magnetic field:
B0 200 mT
Noise:
σε¯ 10.3 μV
D 100 μV2 ns
Exponential ansatz:
J0 −82.7 μeV (≈20 GHz)
εD 0.35 mV
as gate time increases, pseudostatic noise will dominate at
sufficiently long gate times, after which the fidelity becomes
roughly independent of gate time. In the limit that leakage is no
longer the dominant noise contribution, Eq. (6) reduces to the
fidelity relation for a single-qubit gate, implying that our gate
would operate with essentially identical fidelity as single-qubit
operations.
Although we have largely neglected the effects of Over-
hauser field fluctuations on our simulations, since they are
expected to be less significant than charge noise in the usual
regime of operation, it would be straightforward to include
them in this kind of analysis. The main effect of these
fluctuations is to implement random single-qubit unitaries
during the gate, which would result in a reduction of gate
fidelity proportional to the variance of the field fluctuation.
VI. SIMULATIONS
We are left now only to demonstrate the performance of our
two-singlet-triplet gate in simulations. For the purposes of this
section, we integrate the time-dependent Heisenberg Hamil-
tonian (with and without the Lindblad terms) as described in
Eqs. (1) and (3). One might worry that the weak tunneling
approximation described in Sec. II might lead to appreciable
errors, but simulations of a full Hubbard model generated
indistinguishable results in all of our tests. We have chosen
to consider a case where J14 = 0, and henceforth J = J23,
because we expect a linear arrangement of quantum dots to be
more accessible to experimental implementation. Simulating
a square configuration is a trivial extension that does not alter
the physics; indeed it improves the gate speed for any given
leakage error, and reduces the complexity of the unwanted
single-qubit gates (refer to the Supplemental Material for more
information [46]). For reasons mentioned in Sec. IV A, we
have chosen to use the sinusoidal adiabatic pulse in these
simulations.
All of the parameters used in these simulations have
been chosen with current experiments in mind. The average
background magnetic field B0 is maintained as the dominant
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FIG. 5. (Color online) Simulated leakage and entanglement fidelity immediately after a single two-qubit gate operation as a function of
Javg and B, with gate time corresponding to each labeled Javg shown on the far right axes. Panels (a) and (c) show the leakage results with
and without charge noise respectively, and panels (b) and (d) show the entanglement fidelity results with and without charge noise respectively.
The color maps for leakage and entanglement fidelity are shown in the corresponding column, and are chosen such that comparable colors
indicate comparable errors. The color maps are white at 1% error, with larger error shown in shades of grey, and lesser error in shades of blue.
Contours corresponding to 0.01–0.10% error are drawn at 0.01% intervals.
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energy scale, and set to be 200 mT. As described in Sec. IV B,
simulations of our gate require us to choose an ansatz for
J (ε), the details of which are not important provided that
the dependence matches closely phenomenological results. In
these simulations we use J (ε) = J0 exp(ε/εD), with the free
parameters J0 and εD chosen to roughly match the experimen-
tal results of Dial and collaborators [24]. In simulations we
add a very small negative constant offset to allow for J (ε) to
be exactly zero, which does not significantly affect the results.
Also following the prescription of Sec. IV B, we calibrated the
noise parameters σε¯ and D such that the T ∗2 and T2 times in
simulations of single-qubit gates were somewhat typical [24];
specifically, we calibrated σε¯ and D such that T ∗2 ≈ 100 ns
and T2 ≈ 1 μs. We summarize our choice of parameters in
Table II.
In Fig. 5 we plot leakage with and without charge noise
[Figs. 5(a) and 5(c) respectively], and entanglement fidelity
with and without noise [Figs. 5(b) and 5(d) respectively], at
the end of a single two-qubit gate operation as a function of the
average exchange coupling Javg and interqubit magnetic field
gradient B. The gate time corresponding to each value of
Javg is labeled on the rightmost axes. We use a segmented color
map which goes through white at 1% error, with blue toward
0%, and dark grey toward 100%. Contours corresponding to
0.01–0.10% error are drawn at 0.01% intervals, corresponding
to the regime in which fault-tolerant computing starts to
become feasible (typically 10−2–10−4) [55]. The positions of
the contours on both the leakage and fidelity plots roughly
correspond, because F ≈ 1 − L0 (see Sec. V).
The simulations confirm several important qualities of
our gate. The radial nature of the contours from the origin
indicates that our gate’s leakage is largely predicted by the
ratio Javg/μB, as described in Sec. IV A. We also observe
the qualitative features anticipated in Sec. V: that charge
noise causes the entanglement fidelity to decrease even more
quickly than leakage increases due to its being sensitive to
phases on the logical subspace [seen in Eq. (6)], that leakage
ceases to be the dominant source of error (for any given
fidelity) at long enough gate times, and that fidelity increases
approximately hyperbolically with gate time (or equivalently,
decreases linearly with Javg).
By way of ballpark numbers, we find that our two-qubit gate
has fidelities in excess of ∼99.9% for gate times longer than
around 7 ns and magnetic field gradients of around 80 mT.
In this regime, leakage is no longer the dominant source of
noise, and gate fidelities are affected by noise in essentially
the same way as single-qubit gates, as described in Sec. V. On
this basis, we feel that our gate may be well suited for quantum
computation using singlet-triplet qubits.
VII. DISCUSSION
In this paper we have analyzed the performance of an
exchange-based two-qubit gate for singlet-triplet qubits. Our
approach uses a magnetic field gradient to suppress spin-flip
transitions that would otherwise lead to leakage errors. We
have shown that adiabatic pulses can reduce the leakage
probability by several orders of magnitude. We have also
investigated the effect of charge noise on the performance
of our gate, showing that, by running the gate sufficiently
slowly, it is possible to achieve entanglement fidelities that are
comparable to those of single-qubit operations. In this limit,
we showed that the performance is limited by low-frequency
charge noise. Two-qubit gate simulations demonstrated that
this regime can be reached using realistic exchange couplings
and magnetic field gradients.
The two-qubit gate we have described works whenever
there is an effective exchange coupling between the qubits.
This could be a direct exchange coupling (as we have envisaged
here), or an indirect coupling through an intermediate dot
which has recently been shown to generate an effective
exchange interaction [38].
The approach of energetically suppressing spin-flip transi-
tions in order to implement two-qubit gates using exchange
coupling has application in other qubit architectures; for
example, we used a similar approach in our proposal for
two-qubit gates for the resonant-exchange qubit [30]. We
anticipate that the use of adiabatic pulses will greatly reduce
leakage in that scheme also.
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1 Analytically solving for the eigen-energies of a two singlet-triplet
qubit system
In the main text we claimed that it was possible to derive exact solutions the eigen- energies and states of the
Hamiltonian:
H(t) = 
NX
n=1
Bn(t)
n
z +
1
4
X
hi;ji
Jij(t)(
i  j   I); (1)
where J14 and J23 are the only non-zero exchange couplings. We do so in the following for the case were J14 = 0
(the “linear” configuration), and where both J14 and J23 are non-zero; which has a special case J14 = J23 (the
“square” configuration).
1.1 Simple two-level system
Consider first a two-level system with Hamiltonian:
H =
B
2
z +
J
2
x;
where we consider the spin states to be the eigenstates of z, and where in principle each parameter can be time
dependent. This Hamiltonian has eigen-energies:
E = B
2
p
1 + 2 ;
with  = JB . The corresponding eigenstates are given by:
j i+ = j"i+ (
p
1 + 2   1)= j#i
j i  = j"i   (
p
1 + 2 + 1)= j#i :
In the following sections we will break up more complicated Hamiltonians into two-level systems, and solve them
by comparing them to these results.
1.2 Singlet-triplet qubit system
We derive the solutions for a singlet-triplet qubit system; before providing solutions for two singlet-triplet systems
in subsequent sections. The Hamiltonian for single singlet-triplet qubit system is:
H = B1
1
z + B2
2
z +
J
4
(1  2   I) :
The eﬀect of the exchange coupling term is to lower the singlet state compared to the triplet states. TheP
Sz = 1 and
P
Sz =  1 states j""i and j##i are unaﬀected by the exchange coupling; and so their eigen-energies
1
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are (B1 + B2) and  (B1 + B2) respectively. The eﬀect of the Hamiltonian on the remaining singlet and triplet
states with
P
Sz = 0, which corresponds to the logical subspace as described in the main text, can be written as:
12   J2 J2
J
2  12   J2
 j"#i
j#"i

;
with 12 = B1   B2. By comparison with the simple two-level system in the previous section, we find that the
eigen-energies of the states which adiabatically conform to the logical spin basis states j"#i and j#"i in the limit
that J = 0 are:
E"# = 12
p
1 + 2   J
2
E#" =  12
p
1 + 2   J
2
with  = J=12. The eigenstates will have the same form as those of the previous section; where j"i 7! j"#i and
j#i 7! j#"i.
1.3 Linear configuration for two singlet-triplet qubits
We now consider the energy spectrum of a two singlet-triplet qubit system in the linear configuration; that is, with
exchange coupling only between the second and third quantum dots. The Hamiltonian for this system is given by:
H = 
4X
n=1
Bn
n
z +
1
4
J23(
2  3   I):
As in the main text, we imagine a large global magnetic field; making the spin basis a natural one. Moreover,
since we are not going to be considering the possibility of spin-flip, only system states with like total
P
SZ can
communicate. Grouping the states by like
P
Sz, we find 5 diﬀerent groups with
P
Sz = 0;1;2. By comparision
to the previous section, it is clear that only eigenstates that have diﬀerent spin states for quantum dots 2 and 3
will be coupled by the interaction. This forms a series of two level coherences; i.e. j""; #"i  j"#; ""i ; j""; ##i 
j"#; "#i; etc. We use the same magnetic field basis used in the main text: the global background magnetic field
B0 =
1
4
P
nBn, the inter-qubit gradient B =
1
2 (B1 +B2  B3  B4), and the intra-qubit gradients 12 and 34
with ij = Bi  Bj .
By applying a similar analysis as that in the previous section, we tabulate the energies for the states which
adiabatically conform to the spin states below.
mz Eigenstate Energy
2 j""""i 4B0
1 j"""#i 2B0 + B + 34
1 j""#"i 2B0 + 12(12  34)  12J23 +
q 
B   12(12 +34)
2
+ 14J
2
23
1 j"#""i 2B0 + 12(12  34)  12J23  
q 
B   12(12 +34)
2
+ 14J
2
23
1 j#"""i 2B0   B   12
0 j""##i B + 12(12 +34)  12J23 +
q 
B   12(12 +34)
2
+ 14J
2
23
0 j"#"#i B + 12(12 +34)  12J23  
q 
B   12(12 +34)
2
+ 14J
2
23
0 j"##"i 12   34
0 j#""#i  12 + 34
0 j#"#"i  B   12(12 +34)  12 J23 +
q 
B   12(12 +34)
2
+ 14J
2
23
0 j##""i  B   12(12 +34)  12 J23  
q 
B   12(12 +34)
2
+ 14J
2
23
 1 j"###i  2B0 + B + 12
 1 j#"##i  2B0   12(12  34)  12 J23 +
q 
B   12(12 +34)
2
+ 14J
2
23
 1 j##"#i  2B0   12(12  34)  12 J23  
q 
B   12(12 +34)
2
+ 14J
2
23
 1 j###"i  2B0   B   34
 2 j####i  4B0
2
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1.4 Non-linear configuration for two singlet-triplet qubits
We now consider the more general configuration in which both J14 and J23 are non-zero; and present an analogous
table of eigenvalues (as above). In the case where J14 = J23 we form what we call the square configuration. Since
the two exchange couplings are acting identically in a disjoint system (since J12 and J34 are turned oﬀ); these
eigenvalues follow immediately from those above.
mz Eigenstate Energy
2 j""""i 4B0
1 j"""#i 2B0   12(12  34)  12J14 +
q 
B + 12(12 +34)
2
+ 14J
2
14
1 j""#"i 2B0 + 12(12  34)  12J23 +
q 
B   12(12 +34)
2
+ 14J
2
23
1 j"#""i 2B0 + 12(12  34)  12J23  
q 
B   12(12 +34)
2
+ 14J
2
23
1 j#"""i 2B0   12(12  34)  12J14  
q 
B + 12(12 +34)
2
+ 14J
2
14
0 j""##i   12 (J14 + J23) +
q 
B + 12(12 +34)
2
+ 14J
2
14 +
q 
B   12(12 +34)
2
+ 14J
2
23
0 j"#"#i   12 (J14 + J23) +
q 
B + 12(12 +34)
2
+ 14J
2
14  
q 
B   12(12 +34)
2
+ 14J
2
23
0 j"##"i 12   34
0 j#""#i  12 + 34
0 j#"#"i   12 (J14 + J23) 
q 
B + 12(12 +34)
2
+ 14J
2
14 +
q 
B   12(12 +34)
2
+ 14J
2
23
0 j##""i   12 (J14 + J23) 
q 
B + 12(12 +34)
2
+ 14J
2
14  
q 
B   12(12 +34)
2
+ 14J
2
23
 1 j"###i  2B0 + 12(12  34)  12J14 +
q 
B + 12(12 +34)
2
+ 14J
2
14
 1 j#"##i  2B0   12(12  34)  12 J23 +
q 
B   12(12 +34)
2
+ 14J
2
23
 1 j##"#i  2B0   12(12  34)  12 J23  
q 
B   12(12 +34)
2
+ 14J
2
23
 1 j###"i  2B0 + 12(12  34)  12J14  
q 
B + 12(12 +34)
2
+ 14J
2
14
 2 j####i  4B0
1.5 Logical subspace
We can restrict our attention to the logical subspace of the two-qubit system, as shown below; which informs us
how the energy of the logical states will change given perfectly adiabatic operation.
Logical Eigenstate Energy
j11i j"#"#i  1
2
(J14 + J23) +
s
B +
1
2
(12 +34)
2
+
1
4
J214  
s
B   1
2
(12 +34)
2
+
1
4
J223
j10i j"##"i 12   34
j01i j#""#i  12 + 34
j00i j#"#"i  1
2
(J14 + J23) 
s
B +
1
2
(12 +34)
2
+
1
4
J214 +
s
B   1
2
(12 +34)
2
+
1
4
J223
Notice that the eigenvalue spectrum of these states can be reproduced by an eﬀective Ising model on the subspace
given by:
Heﬀ = (12 + B)~
1
z + (34 + B)~
2
z  
1
4
(J14 + J23)
 
~1z ~
2
z + II

;
where ~nz are the logical Pauli Z operators on the logical subspace (as defined in the main text), and B is an eﬀective
magnetic field gradient between the qubits and is given by:
B =
1
2
24 12   34 +
s
B +
1
2
(12 +34)
2
+
1
4
J214  
s
B   1
2
(12 +34)
2
+
1
4
J223
35 :
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It is worth noting that in the event that J14 = J23 and in the desired limit that 12;34  B, B reduces to
  12(12 +34); and so:
He =
1
2
(12  34)~1z  
1
2
(12  34)~2z  
1
4
(J14 + J23)
 
~1z ~
2
z + II

:
In this limit, correcting single qubit operations amounts to keeping track of precession due to static magnetic field
gradients.
As an aside, things are not quite so simple when charge noise is added. High frequency components of the
charge noise will add uncorrectable noise to the single qubit gates. Fortunately, since B  J2 when J  B, the
errors are likely to be small. The simulations in the main text include the high frequency single qubit errors (but
not pseudo-static noise which can be corrected); and so the reported two-qubit gate fidelities already include the
penalty for these errors.
2 Adiabatic perturbation theory
One of the primary sources of error for the gate described in the main text is non-adiabatic leakage transitions
that occur duing the operation of the gate. In the main text, we present theoretical estimates for an upper bound
on leakage. This was possible because the system can be broken down reasonably trivially into a set of two level
systems, as described in the previous section. The analytical bounds were derived using the perturbation theory
results of De Grandi and Polkovnikov [1].
For a given adiabatic pulse, the amplitude of the state jni with energy En at time tf after starting in the ground
state j0i with energy E0 at time ti is given in equation 19 of [1]:
n(tf ) 
"
i
hnj @t j0i
En(t)  E0(t)  
1
En(t)  E0(t)
d
dt
hnj @t j0i
En(t)  E0(t)
+ : : :
#
ei(n(t) 0(t))

tf
ti
(2)
with
hnj @t jmi =   hnj @tH jmi
En(t)  Em(t) ;
k(t) =
 tf
ti
Ek()d;
and where the sequence in n(tf ) is an infinite expansion of integration by parts.
Once n has been computed, leakage from the ground state is then given by: L0 =
P
n 6=0 jnj2, which is the
probability of detecting a state other than the ground state. The first non-zero contribution to n (which will
also be the dominant contribution in generic cases) will come from the term that has the lowest order diﬀerential
operator that when acting on the time-dependent component of the Hamiltonian at ti and/or tf yields a non-zero
value. Leakage then scales as the square of this term. Due to the symmetry of our chosen pulses, the constraint that
each pulse must have equal area for any given gate time, and the structure of our logical subspace, we find that the
maximum leakage error for an adiabatic pulse with first non-zero derivative at order q scales like (Javg=B)
2(q+1).
We derive these for the profiles used in the main text in the following sections.
2.1 General form of leakage probability calculations
To simplify the derivation of leakage probabilities for each of these pulses in the following sections, we present here
a general form of the solution. We assume that only time dependent parameter in the model is Jij(t); and disregard
any form of noise. Due to the symmetry of our physical model, each two-level system has a leakage rate determined
only by the combined profile (J14 + J23)(t). We therefore write J = J14 + J23 in all of these derivations. Since J(t)
is the only time dependent parameter, and it acts in each two-level system as seen in section 1.2; for all n 6= m,
hnj @t jmi = 12 ddtJ(t)=B.
4
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We considered in the main text adiabatic pulses with discontinuities at diﬀerential order no greater than three;
so we here expand equation 2 to third order in derivatives of J . The energy diﬀerences rnm(t) = En(t)   Em(t)
will all be approximately equal to B; and for simplicity we drop time dependence, since J(t)  B for any
reasonable gate operation and thus the energy eigenvalues computed in the previous section will not vary greatly
during the course of a gate. The leakage probabalities are then given by:
jn(t)j2 = jAf +Bf + Cf  Ai  Bi   Cij2
with
Af;i = i
hnj@tj0i
En   E0 e
i(n 0)

tf ;ti
(3)
Bf;i =
 1
rn0
d
dt
 hnj@tj0i
rn0

ei(n 0)

tf ;ti
(4)
Cf;i =   irn0
d
dt

1
rn0
d
dt
(hnj @t j0i)
rn0

ei(n 0)

tf ;ti
: (5)
2.2 Linear profile variation over J with B fixed
In the main text we consider a linear adiabatic pulse of the form:
J(t) = 2Javg

1 
2t   1
 ;
with  = =Javg.
The time derivative of J(t) is:
_J =
(
4
J
2
avg t < =2
  4J2avg t > =2
This segmented nature of the derivative causes this pulse to have three points of discontinuity: at the start, end
and middle of the pulse.
Since the first non-zero time derivative of J is at first order; the leading order terms in jj2 involve the Af;i
terms. There are two segments, which under the assumptions of constant r = B are the same, and so we find
that leakage scales as:
jj2  2(jAf j2 + jAij2   2Re(AfAi )):
Using equation 3, hnj @t jmi = 12 ddtJ(t)=B and r = B; we find:
jAf j = jAij = 2


Javg
B
2
Thus, the upper bound for the leakage probability (choosing the phase in equation 3 to be such that Re(AfAi ) =
 jAf j2) is such that:
jj2 . 32
2

Javg
B
4
:
Using the adiabatic pulse suggested as a replacement in the text J(t) =  63 t(t   ), one halves this upper
bound.
2.3 Sinusoidal variation of J with B fixed
We also considered a sinusoidal pulse:
J(t) = Javg

1  cos

2t


;
5
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with  = =Javg.
The time derivative of J(t) is _J(t) = 2J2avg sin (2Javgt), which is zero at initial and final times. We therefore
look to the second derivative: J(t) = 4J3avg cos(2Javgt).
In calculating jj2, the leading terms are now second order derivatives:
jj2  jBf j2 + jBij2   2Re(BfBi ):
Using equation 4, hnj @t jmi = 12 ddtJ(t)=B and r = B; we find:
jBf j = jBij = 2

Javg
B
3
:
Thus, the upper bound for the leakage probability (choosing the phase in equation 4 to be such that Re(BfBi ) =
 jBf j2) is such that:
jj2 . 16

Javg
B
6
:
2.4 XSinusoidal variation of J with B fixed
Continuing in the trend of increasing the diﬀerential order at which the pulse is non-zero, we also considered the
so-called “xsinusoidal” pulse:
J(t) = Javg
62
(2 + 3)
t(   t)
2

1  cos

2t


;
with  = =Javg.
The first and second time derivatives of J(t) are zero, by construction. The third derivative, evaluated at t = ti
or t = tf gives:
j...J j = 72 
2 + 3
J4avg:
In calculating jj2, the leading terms are now third order derivatives:
jj2  jCf j2 + jCij2   2Re(CfCi ):
Using equation 5, hnj @t jmi = 12 ddtJ(t)=B and r = B; we find:
jCf j = jCij = 36 
2 + 3

Javg
B
4
:
Thus, the upper bound for the leakage probability (choosing the phase in equation 4 to be such that Re(CfCi ) =
 jCf j2) is such that:
jj2 . 12
42
4(2 + 3)2

Javg
B
8
 308:91

Javg
B
8
:
3 Maximising entanglement fidelity over all single qubit z-rotations
In the main text we mentioned that there were some subtleties regarding how we contructed U such that we
maximised the entanglement fidelity of our gate over all single qubit z-rotations; in particular, during the linear
transformation that we perform to generate global, single and two qubit phases, there are phase ambiguities due to
sum and diﬀerences of the extracted phases living in a larger domain.
Recall that the ansatz for our ideal unitary is U = eiIIeiZI ~
1
zeiIZ ~
2
zeiZZ ~
1
z~
2
z . The linear transformation
which converts the phase measured in the spin basis to the logical operator phase is given by:0BB@
II
IZ
ZI
ZZ
1CCA =
0BB@
1 1 1 1
1  1 1  1
1 1  1  1
1  1  1 1
1CCA
0BB@
00
01
10
11
1CCA : (6)
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At this stage, each of the logical phases xy are elements of the domain [ 4; 4); whereas we only care about
their value modulo 2. If we were simply to invert this relation, we would extract the original phases in the spin
basis; but when we enforce the two-qubit phase to be  2 [ 2; 2), there is an ambiguity as to which value of
ZZ 2 [ 4; 4) should be selected.
In experiment this would not be a problem, because one would simply keep track of the accumulated single
qubit phases and then correct them appropriately; but in our simulations, we did not want to have to keep track
of extra state information. To avoid this ambiguity, we simply considered all four possible values of ZZ = 
mod 2 2 [ 4; 4):  3,  , , and 3; taking the supremum of the associated entanglement fidelities (computed
as described in the main text).
4 Origin of the Fidelity-Leakage relation
In the main text we claim, without proof, the fidelity-leakage relation shown in equation (4):
F = 1
2

1 +
p
1  2L0 cos (2)  L0

;
where  = ZZ   ZZ , which characterises any under- or over- accrual of two-qubit phase acquired during the gate
operation. We demonstrate that this is a simple corrollary of the symmetries of our model.
Recall that there are exactly two leakage states: j""##i and j##""i. Excitations to these states occur from the
two logical states: j"#"#i and j#"#"i, under the action of the inter-qubit exchange couplings associated with J14
and J23. An examination of the analysis in section 1 of this supplementary material shows that the leakage rates
depend on exchange coupling Jij . Moreover, the leakage is symmetrical, in that both exchange couplings generate
leakage equally into both leakage states and from both logical states.
We can therefore write a general ansatz for the state of the system after some time evolution starting from the
maximally entangled state j	i:
j i = 1
2

p exp(il) j""##i+
p
1  p2 exp(i11) j"#"#i+ exp(i10) j"##"i
+exp(i01) j#""#i+
p
1  p2 exp(i00) j#"#"i+ p exp(im) j##""i

:
This state has leakage given by L = p2=2.
Suppose now that we constructed an ideal state
   that has evolved from the same maximally entangled state
such that U has been applied, as described in the previous section. By construction, the only component of these
states which will diﬀer is their two-qubit phase. Taking their inner product, it can be shown that:

 
  = 1
2

exp( i) +p1  2L exp(i)

:
The result then follows from the definition of entanglement fidelity given in the text.
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CHAPTER III
TWO-QUBIT GATES FOR RESONANT
EXCHANGE QUBITS
This chapter includes unmodified the text of
A. C. Doherty and M. P. Wardrop, “Two-qubit gates for resonant exchange qubits.”,
Physical review letters 111, 050503 (2013)
in which we propose a single-exchange-pulse two-qubit for resonant-exchange qubits.
This two-qubit gate is similiar in nature to our proposal for singlet-triplet qubits, and
shares the characteristic feature of energetic suppression of leakage, this time using
the large intra-qubit couplings of resonant-exchange qubits. The ideas introduced in
this chapter are more fully explored and quantified in the next chapter.
Text is c⃝American Physical Society.
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Two-Qubit Gates for Resonant Exchange Qubits
Andrew C. Doherty* and Matthew P. Wardrop
Centre for Engineered Quantum Systems, School of Physics, The University of Sydney, Sydney NSW 2006, Australia
(Received 12 April 2013; published 31 July 2013)
A new approach to single-qubit operations using exchange interactions of single electrons in gate-
defined quantum dots has recently been demonstrated: the resonant exchange qubit. We show that two-
qubit operations, specifically the controlled phase gate, can be performed between resonant exchange
qubits very straightforwardly, using a single exchange pulse. This is in marked contrast to the best known
protocols for exchange qubits where such a gate requires many pulses so that leakage processes arising
from the exchange interaction can be overcome. For resonant exchange qubits a simple two-qubit gate is
possible because in this mode of operation energy conservation suppresses leakage.
DOI: 10.1103/PhysRevLett.111.050503 PACS numbers: 03.67.Lx, 75.10.Jm
Since the seminal work of Loss and Divincenzo [1],
the spins of individual electrons trapped in gate-defined
quantum dots have been a very promising architecture for
quantum computing [2–11]. Various modes of operation
have been implemented that pose different experimental
challenges. An early theoretical advance was the realization
that if a single qubit is encoded in three electron spins then
universal operations can be performed using modulated
exchange coupling alone [12]. This in principle removes
the need for individually addressable electron spin reso-
nance or large magnetic field gradients. There has been a
series of experiments designed to pursue this avenue for
quantum computing, despite the seeming inefficiency of
using three electron spins to encode a single qubit [9–11].
A key experimental challenge of the exchange qubit of
Ref. [12] is the complicated pulse sequences that are used to
implement two-qubit gates, and these have yet to be experi-
mentally demonstrated. The pulse sequences are required to
reverse spin flip transitions induced by exchange coupling
between qubits. DiVincenzo et al. performed a numerical
search to find an explicit pulse sequence to implement a
controlled NOT (CNOT) gate between the two qubits that
required 19 exchange pulses in 13 time steps [12]. This
pulse sequence was subsequently shown to correspond to
an exact analytic solution [13]. A variant of this scheme,
known as the decoherence free subsystem, has protection
against uniform magnetic fields in all directions and recent
results have found pulse sequences for this encoding that
are not significantly more complicated, requiring 22 pulses
in 13 time steps [14].
Recently an alternative approach to exchange-only
qubits has arisen, the resonant exchange qubit [15,16].
As in the exchange qubit of Ref. [12] a single qubit is
encoded in the spin state of three electrons, each of
which is trapped in an individual quantum dot. The qubit
is operated with significant exchange interaction between
the three dots and universal single-qubit operations are
performed by rf gate pulses that modulate this exchange
interaction. It has been shown both theoretically [15] and
experimentally [16] that this qubit has several advantages,
including first-order insensitivity to charge fluctuations and
reduced leakage error due to nuclear field fluctuations. This
is a very promising demonstration of a qubit provided that
one can couple them efficiently with low leakage. Taylor
et al. show that this can be done through dipole interactions
between the qubits [15], while we suggest the alternative of
using exchange coupling between nearby qubits.
In this Letter we demonstrate that a further advantage
of the resonant exchange qubit is that exchange-based
two-qubit gates can be performed very simply. The key
idea is that the leakage processes that arise from spin flips
do not conserve energy in the resonant exchange qubit.
During an exchange pulse between two qubits these leak-
age processes are very strongly suppressed allowing two-
qubit gates such as controlled phase (CPHASE) gates to be
performed in a single pulse in a single time step. Moreover,
leakage can be made arbitrarily small by reducing the
strength of the exchange coupling relative to the resonant
qubit’s energy splitting. This mechanism contrasts with the
conventional approach to exchange-only qubits where the
leakage processes are reversed using long pulse sequences.
The physics that leads to nontrivial two-qubit gates with
low leakage using exchange coupling has also been pro-
posed as the mechanism for two-qubit gates in the context
of spin cluster qubits [17,18] and some of our analysis
is similar to the discussion in those references. Moreover,
the idea of energetically suppressing spin flips for quantum
gates in quantum dot qubits specifically has previously
arisen in the slightly different context of magnetic field
gradients and one- or two-spin qubits [19–21]. Exchange-
based entangling gates between two resonant exchange
qubits would appear to be feasible in the near future
and in the rest of the Letter we investigate this scheme in
more detail.
A single resonant exchange qubit is a triple-dot system
operated deep in the (1, 1, 1) charge state with one electron
in each dot. A large uniform magnetic field is applied in
the z direction such that the eight electron spin states are
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Zeeman split according to the z component of their total
angular momentummz. Tunneling between adjacent dots is
tuned by applied gate voltages resulting in two exchange
splittings Jl, coupling dot 1 to dot 2, and Jr, coupling dot 2
to dot 3. As explained in Refs. [15,16], whose notation
we largely follow, the qubit operating point has Jl ¼ Jr.
The qubit states j0i¼ð1= ﬃﬃﬃ6p Þðj""#iþj#""i2j"#"iÞ and j1i¼
ð1= ﬃﬃﬃ2p Þðj""#ij#""iÞ are eigenstates of the Hamiltonian
describing the exchange interaction between electrons in
each dot. They have mz ¼ 1=2 and S ¼ 1=2, where S is
the total angular momentum quantum number. The qubit
states are split in energy by Jz ¼ ðJl þ JrÞ=2, with j0i
being the lower energy state. In Ref. [16] Jz=h is in the
range 0.2–2 GHz.
A third eigenstate jQi ¼ ð1= ﬃﬃﬃ3p Þðj""#i þ j#""i þ j"#"iÞ
has mz ¼ 1=2 and therefore the same Zeeman energy as
the two qubit states, but S ¼ 3=2. The five remaining
spin states have different Zeeman splittings and are given
by jQ3=2i ¼ j"""i and jQð3=2Þi; jQi; j0i; j1i, which
are obtained from jQ3=2i; jQi; j0i, and j1i respectively, by
flipping all spins. The energies of these states of the single-
qubit system are indicated in Table I. (In the rest of this
Letter we will take @ ¼ 1 so that the entries in the table
can be regarded as either energies or angular frequencies.)
Single-qubit operations are performed using oscillatory
exchange pulses [15,16].
We now consider a device involving two such qubits,
shown schematically in Fig. 1. The first qubit involves dots
1, 2, and 3, while the second qubit will involve dots 4, 5,
and 6. We will label the first (second) qubit A (B) and use
JzA (JzB) to indicate the exchange splitting between the
qubit states. We will not assume that JzA ¼ JzB.
Consider the system with no coupling between the
qubits: the eigenstates are just the 82 ¼ 64 tensor products
of the states in Table I. The four possible qubit states are in
the mz ¼ 1 subspace of the six-spin system. This subspace
has 15 states, and so there are 11 leakage states with the
same Zeeman energy that can in principle be coupled by
interqubit exchange pulses. Table II indicates these eigen-
states and energies. Whatever exchange coupling is turned
on between the qubits, it will also conserve total angular
momentum. Six linear combinations of these leakage states
have total angular momentum S ¼ 2 or 3 and so cannot
couple to the qubit states, which have S ¼ 1. Moreover
exchange couplings will not mix states that have different
values of mz. As a result we may focus attention on the
block of states with mz ¼ 1 and neglect other states from
now on.
The most important feature of Table II is that none of the
leakage state energies correspond to qubit state energies.
So, for example, when JzA ¼ JzB ¼ Jz each qubit state is
detuned from all leakage states by an energy of at least
Jz=2. This means that spin flips that result from exchange
coupling between the qubits will be energetically unfavor-
able and leakage rates will be reduced so long as the exch-
ange coupling between qubits remains smaller than the
resonant qubit’s energy splitting Jz. This will mean that
two-qubit gates will take a time long compared to 1=Jz.
However, the single-qubit operations for resonant exchange
qubits must already run slowly compared to this time scale,
TABLE I. Energy eigenstates of the triple-dot system that
constitutes a single resonant exchange qubit. S is the total
angular momentum quantum number of the three electron spins
and mz is the z component of the total angular momentum, Jz is
the exchange splitting for the qubit and B is the Zeeman splitting
energy for a single spin.
State S mz Energy
jQð3=2Þi 3=2 ð3=2Þ 3B=2
jQi 3=2 ð1=2Þ B=2
j1i 1=2 ð1=2Þ B=2 Jz=2
j0i 1=2 ð1=2Þ B=2 3Jz=2
jQi 3=2 1=2 B=2
j1i 1=2 1=2 B=2 Jz=2
j0i 1=2 1=2 B=2 3Jz=2
jQ3=2i 3=2 3=2 3B=2
FIG. 1 (color online). Diagram of three geometries for cou-
pling resonant exchange qubits. Solid lines indicate the large
exchange coupling Jz within a single qubit. Thin lines indicate
the weaker exchange coupling Jc that is turned on between qubits
to produce two-qubit gates. (a) Linear geometry. (b) Butterfly
geometry. (c) Rectangular geometry.
TABLE II. Energy level diagram for two resonant exchange
qubits in the subspace with mz ¼ 1. JzI is the exchange splitting
of qubit I ¼ A, B. Without loss of generality we have assumed
that JzB  JzA. Note that no qubit state has the same energy as
any leakage state. All energies are shifted by the Zeeman energy
which is B for all the states in the table.
State Energyþ B
jQ;Qi; jQ3=2; Qi; jQ; Q3=2i 0
j1; Qi; j1; Q3=2i JzA=2
jQ; 1i; jQ3=2; 1i JzB=2
j1; 1i ðJzA þ JzBÞ=2
j0; Qi; j0; Q3=2i 3JzA=2
jQ; 0i; jQ3=2; 0i 3JzB=2
j0; 1i ð3JzA þ JzBÞ=2
j1; 0i ðJzA þ 3JzBÞ=2
j0; 0i 3ðJzA þ JzBÞ=2
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and so this is not a restriction in practice. We will show
below how to perform nontrivial two-qubit gates in a time
of order 25ð2=JzÞ for which leakage error is not expected
to be the dominant source of error. For the parameters of
Ref. [16] this time is around 65 ns and compares favorably
with the time taken for single-qubit operations.
We will now explain several approaches to imple-
ment specific two-qubit gates using exchange coupling
between the two sets of three dots. The qubits are coupled
by interqubit Heisenberg exchange coupling HijðJcÞ ¼
Jcðxixj þ yiyj þ zizj  IÞ=4 of the ith dot with
the jth dot, where i 2 f1; 2; 3g and j 2 f4; 5; 6g and Jc is
the corresponding exchange energy and is controllable by
adjusting some combination of gate voltages. (One could
also turn on several such couplings.)
We will consider three different geometries, as indicated
in Fig. 1; the linear, butterfly, and rectangular geometries.
In the linear arrangement one turns on an exchange inter-
actionH34 between the third and fourth dot. In the butterfly
arrangement one couples the second and fifth dots H25.
Finally in the rectangular arrangement one can couple
three sets of neighboring pairs of dots through H14 þ
H25 þH36. These geometries have different advantages
and disadvantages in terms of the simplicity with which
certain gates can be obtained and their susceptibility to
noise. However, the choice of geometry will also depend
on which arrangement of dots can most easily be tuned
into the (1, 1, 1, 1, 1, 1) charge configuration and which
geometry best allows for coupling large arrays of qubits.
As noted above, leakage processes will be suppressed
when Jc  Jz; so we first analyze these couplings in low-
est order perturbation theory. This requires us to calculate
the level shifts of the two nondegenerate qubit states j00i
and j11i, and to find matrix elements of the couplingHij on
the subspace spanned by the two possibly degenerate states
j01i, j10i. To write the answer explicitly we restrict atten-
tion to the qubit subspace and define logical Pauli operators
such thatzAj0iA ¼ j0iA andzAj1iA ¼ j1iA,xAj0iA ¼
j1iA, etc., and likewise for qubit B. Then the Hamiltonian
H0 describing the two uncoupled resonant exchange qubits
can be read off from Table II:
H0 ¼ ðJzA þ JzBÞ  JzAzA=2 JzBzB=2: (1)
The overall level shift given by the first term is not impor-
tant so long as we can ignore the leakage states. For each
of the dot geometries the coupling of the two qubits in
lowest order perturbation theory can be summarized by the
effective Hamiltonian:
Hc ¼ J0 þ JzðzA þ zBÞ=2þ JzzzAzB
þ J?ðxAxB þ yAyBÞ; (2)
where the coefficients J0, Jz, Jzz, J? are each propor-
tional to the applied exchange coupling Jc and are straight-
forward to calculate. Table III gives explicit values for Jz,
Jzz, J? in each of the three geometries at lowest order in Jc.
The first term describes a level shift of the qubit states
relative to the leakage states. The second term describes a
shift of the qubit level splittings JzA, JzB. This will generate
single-qubit unitaries that can be corrected if necessary.
The final two terms couple the two qubits and can be used
to implement two-qubit gates. Beyond lowest order in per-
turbation theory the structure of Eq. (2) will be preserved
but the parameters have a more complicated dependence
on Jc. Note that similar analyses of Heisenberg interactions
of clusters of spins appear in many places in the literature,
for example Refs. [17,18,22].
We will now describe how to use the interaction of
Eq. (2) to implement specific gates. We will largely restrict
our attention to CPHASE gates, although other choices are
possible. The CPHASE gate is the unitary diagð1; 1; 1;1Þ.
In general we will directly obtain a gate that is equivalent
to the CPHASE gate up to local unitaries, (CNOT is one
such gate), but since universal single-qubit operations are
known for the resonant exchange qubit [15,16] this is
enough to provide a universal gate set. The first general
approach, the dc scheme, involves slowly turning on and
off a small Jc. With an interaction time of order 1=Jc we
obtain a CPHASE gate. We will also consider ac schemes
where JcðtÞ is modulated at high frequency.
The butterfly configuration provides an especially sim-
ple CPHASE gate due to the enhanced symmetry in this case.
For this configuration we find Jzz ¼ Jc=9 and J? ¼ 0 so
the two qubits have an effective Ising interaction and an
exchange pulse JcðtÞ having area  ¼
R
JcðtÞdt ¼ 9=4
results in a unitary UðÞ that is equivalent under local
unitaries to the CPHASE gate.
For the linear and rectangular geometries the most
straightforward way to obtain the CPHASE gate requires
that the two qubits have rather different exchange splittings
jJzB  JzAj  Jc, in which case the qubit states j01i and
j10i are no longer degenerate and so J? ¼ 0. Again a
CPHASE gate results from a single pulse JcðtÞ having the
correct area such that
R
JzzðtÞdt ¼ =4. If it is preferable
to operate in the regime where JzA ¼ JzB then achieving a
CPHASE gate will require some single-qubit gates to echo
out the effect of the J? term in Eq. (2). Methods to find
explicit pulse sequences exist (see, for example, Ref. [23]
TABLE III. Qubit coupling parameters arising from lowest
order perturbation theory in each of the three geometries of
Fig. 1. Calculations assume that JzA ’ JzB. When jJzB  JzAj 
Jc we find J? ¼ 0 for all geometries, but the other entries in the
table are unaffected.
Geometry Jz=Jc Jzz=Jc J?=Jc
Linear 1=36 1=36 1=24
Butterfly 1=18 1=9 0
Rectangular 0 1=6 1=12
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and the references therein). One simple example is given in
the Supplemental Material [24].
There are three main sources of error for this gate: charge
noise (which leads to noise on Jc), magnetic field noise, and
leakage. Whereas single-qubit operations for the resonant
exchange qubit are to first order insensitive to charge noise,
it is clear from Eq. (2) that fluctuations in Jc will lead to
correlated dephasing of the individual qubits through the
Jz / Jc term as well as to fluctuations in the pulse area,
reducing the fidelity of the gate. Specifically, low-frequency
charge fluctuations will be significant as in the singlet-triplet
qubit [8]. Nevertheless, experimental experience in two- and
three-dot qubit devices [7,8,11] shows that high fidelity
exchange pulses of the required length can be carried out
in practice. Note that since the rectangular geometry has
Jz ¼ 0 it may perform better with regard to charge noise
than the other geometries. Like single-qubit operations of the
resonant exchange qubit, the two-qubit gate will be affected
by piezoelectric coupling to phonons [15] and magnetic
field fluctuations, specifically to low frequency fluctuations
of the z component of the Overhauser field gradient [16].
These lead to independent damping and dephasing of the
two qubits and are largely unaffected by the operation of the
two-qubit gate. Finally, although the lowest order perturba-
tion theory analysis given above does not have any leakage,
this will occur in practice and the exact behavior will depend
on the pulse-shape chosen for JcðtÞ. Sufficiently smooth
pulses with sufficiently small values of dJc=dt will greatly
suppress leakage relative to a square pulse.
The error in the gate due to leakage is unlike the other
sources of error in that it may be reduced by performing
the gate over a longer time, using a smaller value of Jc.
For example, we can choose to measure the leakage error
by maximizing the probability of being in a leakage state
after the gate over all input qubit states to find the maxi-
mum leakage probability pL. If there were no other source
of error the worst case fidelity of the gate would then be
FL ¼ 1 pL (this is a lower bound on the gate fidelity).
Simple numerical calculations for the butterfly geometry,
which has the lowest leakage error of the three geometries,
show that when Jc  0:15Jz the worst case leakage proba-
bility pL is less than 1%, even with a square pulse. With
Jz ¼ 2 0:36 GHz as in Ref. [16] this leads to a gate
time tG ¼ 9=4Jc ’ 21 ns. This compares favorably with
the time required for single-qubit operations in Ref. [16].
Leakage errors reduce rapidly as the gate time is increased.
So for square pulses with Jc  0:05Jz having a gate time of
around 63 ns we already find from numerics that the
leakage error is below 0.1%. This shows that with practical
gate times leakage error may be reduced to the point where
it is expected to be much less significant than other sources
of error. The Supplemental Material [24] has a further
discussion of leakage.
We briefly consider an ac scheme, where additional
control can be obtained by choosing an rf modulation of
the exchange coupling Jc. For simplicity, we will consider
the rectangular geometry only and choose the two qubits to
have different exchange splittings so that Jz ¼ JzB  JzA
is larger than the coupling Jc. We can then choose JcðtÞ ¼
Jc0ðtÞ þ JcðtÞ cosðJztÞ where Jc0 and Jc are both
slowly varying functions of time. Note that we must have
jJcj< Jc0 since the exchange coupling is always positive.
Substituting this into Eq. (2) and making the usual rotating-
wave approximation, which is valid when Jc0, jJcjJz,
we find the following interaction picture Hamiltonian
Hint ¼ Jc06 zAzA þ
Jc
24
ðxAxB þ yAyBÞ: (3)
Since Jc0 and Jc can be independently controlled this
interaction allows greater flexibility than in the dc scheme
where the parameters in Eq. (2) are all proportional to a
single control parameter. So this interaction results in a
CPHASE gate in a single pulse of area  ¼ 6=4 with
Jc ¼ 0 and a SWAP gate in two pulses by choosing Jc ¼
Jc0 and  ¼ 6 followed by a CPHASE gate with Jc ¼ 0.
Since we cannot set Jc0 ¼ 0without also having Jc¼0,
gates based on this scheme remain sensitive to low fre-
quency charge noise (fluctuations in Jc0) as well as high
frequency noise (fluctuations of Jc). We are not aware
of an exchange-based two-qubit coupling for the resonant
exchange qubit that is intrinsically insensitive to noise
in Jc. However, in the ac scheme echo pulses are available
that achieve insensitivity to such low frequency charge
fluctuations; an example is given in the Supplemental
Material [24].
In summary we have described a number of protocols
for performing two-qubit gates on the recently proposed
resonant exchange qubit. For the most convenient parame-
ters and device geometries we have shown how to imple-
ment a CPHASE gate in a single exchange pulse. We leave
quantitative estimation of gate fidelities in the presence of
realistic noise to future work [21].
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Supplementary Material
Echo Pulse Sequences
In the main text we claimed that the model for two-qubit interaction in the DC scheme given by
Hc = δJ0 + δJz(σzA + σzB)/2
+JzzσzAσzB + J⊥(σxAσxB + σyAσyB), (1)
allowed for echo pulses to produce CPHASE gates even when J⊥ 6= 0.
The simplest example is in the rectangular geometry where δJz = 0 and all terms in the Hamiltonian commute. If J⊥
were zero we could implement CPHASE with a pulse having φ0 =
∫
Jc(t)dt = 6pi/4. The J⊥ term in equation (1) may
be echoed out by breaking the Jc pulse into equal two pieces, implementing the pulse sequence σzAU(φ0/2)σzAU(φ0/2).
The single qubit gates σzA can be implemented using suitable Rabi pulses on the first qubit. Due to these single qubit
echo pulses, the phase acquired as a result of the J⊥ term in the first coupling pulse is unwound in the second pulse.
This four stage sequence results in a CPHASE. In the linear arrangement of dots both δJz and J⊥ are non-zero and
more complicated pulse sequences are required to obtain a CPHASE gate.
In the main text we furthermore claimed that the model for two-qubit interaction in the AC scheme and the
rectangular geometry given by
Hint =
Jc0
6
σzAσzA +
Jc∆
24
(σxAσxB + σyAσyB), (2)
allowed for echo pulses to produce CPHASE gates while echoing out the, possibly noisy, phase due to Jc0.
For example, we can choose a pulse with Jc∆ = Jc0 and pulse area φ˜ =
∫
Jc∆(t)dt = 3pi. The gate sequence
σxAU(φ˜)σxAU(φ˜) results in a gate that is equivalent to CPHASE and is insensitive to low-frequency charge fluctua-
tions. The single-qubit gates σxA can be implemented as a single Rabi pi-pulse on the first qubit. Due to these single
qubit echo pulses, the phases acquired as a result of the Jc0 term and the σyAσyB term in (2) during the first coupling
pulse are unwound in the second pulse. The coupling pulses here, U(φ˜), are each about twice as long as directly
implementing CPHASE in the DC scheme. Assuming conservatively that each single qubit pulse takes around the
same time as such a direct CPHASE, this gate sequence is about 6 times longer than the direct implementation.
Symmetry analysis of coupling
We present a more detailed discussion of the symmetries of the coupling Hamiltonian in the butterfly geometry in
order to justify the statements in the main text about leakage. The extra symmetry in this geometry both acts to
reduce leakage errors and enables more detailed analytical calculations.
As discussed in the text this geometry involves the coupling Hamiltonian H25(Jc). Notice that this coupling is
invariant under swapping the outer dots of either qubit, that is we could swap 1 and 3 or 4 and 6 and have no effect on
the Hamiltonian since it does not act on any of those qubits. These symmetries are also symmetries of the uncoupled
two-qubit system. The coupling is also symmetric under swapping the two qubits. This symmetry under swapping
qubits is only a symmetry of the full model when JzA = JzB .
We should organise the eigenstates of the two-qubit system, as far as possible, according to their parity under
these swap operations. If we consider just a single qubit we can notice that the qubit Hamiltonian is invariant under
swapping dots 1 and 3 and that |0〉 = 1√
6
(| ↑↑↓〉+ | ↓↑↑〉 − 2| ↑↓↑〉) and |Q〉 = 1√
3
(| ↑↑↓〉+ | ↓↑↑〉+ | ↑↓↑〉) have even
parity under this swap while |1〉 = 1√
2
(| ↑↑↓〉 − | ↓↑↑〉) has odd parity. (SWAP13|1〉 = −|1〉). Parities of the different
tensor products of these states are straightforwardly determined.
As discussed in the text all of the exchange couplings are invariant under global spin rotations and thus we
are guaranteed that energy eigenstates can be chosen to have definite total angular momentum quantum numbers.
Although this is not true of all the tensor product states discussed in the text it is not difficult to find the correct
linear combinations of states with the same energy. We define the following energy eigenstates which all have definite
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These eigenstates have the following symmetry properties
State Energy +B Parity AngularMomentum S Swap
|E〉 0 ++ 1 +
|E3〉 0 ++ 3 +
|EA〉 0 ++ 2 −
|F 〉 −JzA/2 −+ 1
|F2〉 −JzA/2 −+ 2
|G〉 −JzB/2 +− 1
|G2〉 −JzB/2 +− 2
|1, 1〉 −(JzA + JzB)/2 −− 1 +
|M〉 −3JzA/2 ++ 1
|M2〉 −3JzA/2 ++ 2
|N〉 −3JzB/2 ++ 1
|N2〉 −3JzB/2 ++ 2
|0, 1〉 −(3JzA + JzB)/2 +− 1
|1, 0〉 −(JzA + 3JzB)/2 −+ 1
|0, 0〉 −3(JzA + JzB)/2 ++ 1 +
The parity column indicates the parity under swapping the first and third dot and also the fourth and sixth dot as
discussed above. Swap indicates the parity of the state under swapping qubits where this is well defined.
Leakage
In this section we justify the statements about leakage made in the main paper. We consider just the butterfly
geometry.
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3The exchange gate coupling Hamiltonian H25 can only couple eigenstates with the same total angular momentum
and parity quantum numbers. So for example 〈E3|H25|ij〉 = 0 where |ij〉 is any qubit state, because S = 1 for each
qubit state and |E3〉 has S = 3. On the basis of their total angular momentum we conclude that the six states
|E3〉, |EA〉, |F2〉, |G2〉, |M2〉, |N2〉 do not couple to the qubit states during an exchange pulse. The existence of these
uncoupled leakage states was mentioned in the main paper. The five relevant leakage states are |E〉, |F 〉, |G〉|M〉|N〉
Each of the qubit states has a different parity. As a result we find for qubit states 〈ij|H25|kl〉 = 0 whenever
(i, j) 6= (k, l) and we can conclude that when restricted to the qubit subspace H25 has no off-diagonal matrix elements.
The state |11〉 is the only state with parity −− and so it doesn’t couple to leakage states at all. Since |G〉 is the only
leakage state with parity +− and S = 1 it is the only state coupled to |0, 1〉 by the exchange pulse. When JzA = JzB
the energy difference between these states is 3Jz/2. Likewise |1, 0〉 couples to F and the energy difference between
these states is also 3Jz/2. Finally |0, 0〉 couples to the three remaining leakage states |E〉, |M〉, |N〉 that are different
in energy by 3Jz, 3Jz/2 and 3Jz/2 respectively.
So in the butterfly geometry the enhanced symmetry means that each computational basis state couples indepen-
dently to an orthogonal leakage subspace. As a result we may write a completely general solution for the mapping of
the computational basis states under any exchange pulse Jc(t) as follows
|0, 0〉 →
√
1− p00e−iϕ00 |00〉+√p00|L00〉
|0, 1〉 →
√
1− p01e−iϕ01 |01〉+√p01|L01〉
|1, 0〉 →
√
1− p10e−iϕ10 |10〉+√p10|L10〉
|0, 0〉 → e−iϕ11 |00〉
Where |L00〉, |L01〉 and |L10〉 are orthogonal leakage states. The leakage probability associated with the computational
basis state |ij〉 is pij and because of the orthogonality of the |Lij〉 the largest of these is the maximum leakage
probability over all possible input two-qubit states. This is the maximum leakage error pL discussed in the main text.
The symmetry of the problem requires that p01 = p10 and typically we find that p01 > p00, so usually pL = p01.
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FIG. 1: Plot of minimum gate fidelity FL and worst case leakage probability pL for a two-qubit gate having φ =
∫
Jc(t) = 9pi/4
and JzA = JzB in the butterfly geometry, using a square pulse of time tG. Time is normalised by tq = 2pi/Jz, the Bohr period of
each resonant exchange qubit, which is around 3 ns for the parameters of [1]. The dashed horizontal line indicates a minimum
fidelity of 0.999 or 0.1% error.
To obtain a gate equivalent to CPHASE up to local unitaries one chooses the pulse area so that exp[−i(ϕ00 +ϕ11−
ϕ01−ϕ10)] = −1. Once again due to the orthogonality of the leakage states, the minimum fidelity of this gate over all
possible input two-qubit states is FL = 1 − pL in the absence of other sources of error. These quantities are plotted
as a result of numerical integration for a square pulse of fixed area in Figure 1. These results are the basis of the
quantitative statements about leakage in the main text. As noted in the main text fidelity is greatly improved, for
the same gate time, by using smooth pulses rather than square pulses [2].
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CHAPTER IV
CHARACTERISATION OF AN
EXCHANGE-BASED TWO-QUBIT GATE
FOR RESONANT EXCHANGE QUBITS
This chapter includes reformatted the text of:
M. P. Wardrop and A. C. Doherty, “Characterization of an exchange-based two-qubit
gate for resonant exchange qubits”, Physical Review B 93, 075436 (2016)
in which we analyse in detail the two-qubit gate introduced in the previous chapter.
In particular, we consider ideal gate time corrections due to perturbations beyond
first order, adiabatic pulses, the eﬀect of charge and Overhauser noise, and perform
simulations of our proposed two-qubit gate subject to the aforementioned noise. Our
main result is that we expect implementations of this gate to achieve high fidelities,
with errors at the percent level and gate times comparable to single-qubit operations.
The text of this chapter is in the process of being submitted to a journal, and upon
acceptance, will have its copyright assigned to the appropriate publisher.
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Characterization of an exchange-based two-qubit gate for resonant exchange qubits
Matthew P. Wardrop and Andrew C. Doherty
Centre for Engineered Quantum Systems, School of Physics, The University of Sydney, Sydney, NSW 2006, Australia
(Received 5 November 2015; revised manuscript received 9 February 2016; published 26 February 2016)
Resonant exchange qubits are a promising addition to the family of experimentally implemented encodings of
single qubits using semiconductor quantum dots. We have shown previously that it ought to be straightforward
to perform a CPHASE gate between two resonant exchange qubits with a single exchange pulse. This approach
uses energy gaps to suppress leakage rather than conventional pulse sequences. In this paper we present analysis
and simulations of our proposed two-qubit gate subject to charge and Overhauser field noise at levels observed
in current experiments. Our main result is that we expect implementations of our two-qubit gate to achieve
high fidelities, with errors at the percent level and gate times comparable to single-qubit operations. As such,
exchange-coupled resonant exchange qubits remain an attractive approach for quantum computing.
DOI: 10.1103/PhysRevB.93.075436
I. INTRODUCTION
The seminal work of Loss and Divincenzo [1] introduced
the notion of using individual electrons trapped in gate-defined
quantum dots to encode quantum information, an idea which
has since burgeoned into a family of promising architectures
for quantum computing [2–12].
An early theoretical realization was that a single qubit
encoded in three electron spins could be universally controlled
using exchange couplings alone [13], which removes any
requirement for individually addressable electron spin reso-
nance or magnetic field gradients. Crucially, since exchange
couplings in semiconductor experiments are controllable using
gate voltages, this allows all qubit operations to be performed
electronically; an attractive feature in experimental implemen-
tations. Single-qubit operations for the so-called “exchange-
only” qubit have been experimentally demonstrated [11,14].
Pulse sequences are known for single-qubit gates that simulta-
neously correct leakage errors and other sources of noise [15].
Proposed two-qubit gates for the exchange-only qubit either
involve capacitive coupling [16,17] or exchange coupling
[13,18–20]. Since exchange coupling is usually much larger
than capacitive coupling, exchange gates are usually faster, but
come at the cost of requiring complicated pulse sequences in
order to echo away the unwanted spin-flip transitions that occur
as a side effect and cause leakage errors. The first such pulse
sequence [13] that effected a CNOT required 19 exchange
pulses in 13 time steps, and was found using a numerical
search. Since then, extended numerical searches have found
improved pulse sequences that are robust against more sources
of decoherence and/or reduce the number of gate operations
[18–20]. Progress has also been made toward analytically
generating such sequences [21,22].
A recent alternative to the exchange-only qubit is the
“resonant-exchange qubit” [11,23], which encodes qubits in
the interaction picture with respect to significant exchange
coupling between the three dots. Universal single qubit
operations are effected using rf gate pulses to the electrodes
controlling the exchange couplings. This qubit has been
shown both theoretically [23] and experimentally [11] to have
several improved properties, including first-order insensitivity
to charge fluctuations and reduced leakage error due to nuclear
field fluctuations [11,24]. In addition, Taylor et al. [23]
have shown that you can perform two-qubit gates between
these qubits using charge dipole interactions, while we have
suggested an alternative of using simple exchange pulses
between nearby qubits [25].
In this earlier work [25], we showed that a two-qubit
CPHASE gate can be implemented using a single exchange
pulse between the constituent quantum dots of neighboring
qubits (shown schematically in Fig. 2). Rapid high-fidelity
gate operation is in principle made possible by energetically
suppressing the spin-flip transitions that lead to leakage. This
method of effecting a two-qubit gate contrasted with the
more conventional approach of long and complicated pulse
sequences, and is similar to our earlier proposal for singlet-
triplet qubits [26].
It is the purpose of this work to extend our previous
results by considering higher-order analysis, adiabatic pulse
profiles, the effect of noise, and the performance of our gate
in physically motivated simulations that include noise. In
Sec. II we briefly review single-qubit resonant-exchange qubit
operations, in Sec. III we review our two-qubit gates, in Sec. IV
we formally characterize our two-qubit gate in the butterfly
geometry, in Sec. V we briefly consider other geometries, and
in Sec. VI we conclude.
In this work we set  = 1, meaning that energies are
interchangeable with angular frequencies.
II. RESONANT EXCHANGE QUBITS
A resonant exchange qubit is a triple-dot system operating
deep in the (1,1,1) charge state (each dot almost surely confines
a single electron). A large magnetic field is applied along the
z axis, Zeeman splitting the 23 = 8 spin states according to
the z projection of their total spins: E = −mzB⊥, where
B⊥ is the effective Zeeman splitting of an electron subject to
the global magnetic field. Note that we have absorbed the g
factor (up to its sign) into our definition of B⊥. The logical
states of the qubit are |0〉 = (|↑↑↓〉 + |↓↑↑〉 − 2 |↑↓↑〉)/√6
and |1〉 = (|↑↑↓〉 − |↓↑↑〉)/√2, which both have total spin
S = 1/2 with z projection of mz = 1/2, and are defined in
the rotating reference frame generated by large intraqubit
exchange couplings J12 and J23 (as described below). The
remainder of the eight-dimensional Hilbert space describes
2469-9950/2016/93(7)/075436(10) 075436-1 ©2016 American Physical Society
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TABLE I. Energy eigenstates of a single resonant exchange qubit,
sorted by mz. S is the total angular momentum quantum number
of the three electron spins and mz is the z component of the total
angular momentum. Jz = J12 = J23 is the energy level splitting
due to exchange coupling, and B⊥ is the splitting of an electron
subject to the large transverse global field. Each eigenstate with a
negative subscript has their constituent spins flipped relative to the
corresponding unsubscripted state.
Label State S mz Energy
|Q3/2〉 |↑↑↑〉 3/2 3/2 −3B⊥/2
|0〉 |↑↑↓〉 + |↓↑↑〉 − 2 |↑↓↑〉 1/2 1/2 −B⊥/2 − 3Jz/2
|1〉 |↑↑↓〉 − |↓↑↑〉 1/2 1/2 −B⊥/2 − Jz/2
|Q〉 |↑↑↓〉 + |↑↓↑〉 + |↓↑↑〉 3/2 1/2 −B⊥/2
|0−〉 |↓↓↑〉 + |↑↓↓〉 − 2 |↓↑↓〉 1/2 −1/2 B⊥/2 − 3Jz/2
|1−〉 |↓↓↑〉 − |↑↓↓〉 1/2 −1/2 B⊥/2 − Jz/2
|Q−〉 |↓↓↑〉 + |↓↑↓〉 + |↑↓↓〉 3/2 −1/2 B⊥/2
|Q−3/2〉 |↓↓↓〉 3/2 −3/2 3B⊥/2
nonlogical states, the spanning eigenstates of which are
completed for the energy eigenbasis in Table I.
As described by Medford et al. [11], the resonant exchange
qubit can be modeled by the Hamiltonian
H(ε) = −Jzσz/2 − Jxσx/2, (1)
where Jz = 12 (J12(ε) + J23(ε)), Jx =
√
3
2 (J23(ε) − J12(ε)), and
where ε parametrizes detunings in the gate voltages defining
the quantum dots. Note that the intraqubit couplings J12 and
J23 can be controlled by these voltages, allowing for complete
electronic control of qubits and thus potentially simplifying
FIG. 1. Bloch sphere schematic depicting the effect of intraqubit
exchange couplings on qubit states. Under J12 and J23 couplings,
states rotate about the same axes as those of the rotations indicated
in green and red, respectively. If both J12 and J23 are equal to Jz,
states rotate about the z axis as indicated by the emboldened blue
rotation. Qubit states are defined with respect to this rotating reference
frame. Resonant oscillatory pulses involving variations of the J12 and
J23 couplings allow arbitrary rotations, and hence provide universal
single qubit control. As these intraqubit couplings are controllable
using gate voltages, this allows for universal electronic control of
qubits.
experimental implementation. Both Jz and Jx are functions of
ε, and can therefore depend on time. These qubits are operated
with large Jz about the “sweet-spot” of J12 = J23 where the
qubit is first-order insensitive to electrical noise in ε, with
resonant oscillations of Jx used to effect universal single qubit
gates. Qubit states are defined in the rotating reference frame
created by Jz. This is depicted in Fig. 1.
In several GaAs singlet-triplet qubit experiments [2,7,9,27],
an exponential ansatz for exchange couplings J (ε) =
J0 exp(ε/ε0) has been found to be a good phenomenological
fit to experimental data over a wide range of interesting values
of ε, and so we adopt it in this work.
III. EXCHANGE-COUPLED TWO-QUBIT GATE
Here we provide a brief review of the two-qubit gate
between resonant exchange qubits described in our prior Letter
[25]. Consider two resonant-exchange qubits (A and B) in a
large transverse magnetic field, coupled in several different
ways as depicted in Fig. 2. We label the intraqubit couplings
of the qubits JAz and JBz , and assume that the couplings
within each qubit are equal (i.e., JA,B12 = JA,B23 = JA,Bz ). The
logical states of the two qubit system, |0,0〉, |0,1〉, |1,0〉
and |1,1〉, are all in the mz = 1 subspace, along with eleven
other states. Since we will only be considering dynamics
which conserve z projection of spin mz and are working in
a large global magnetic field, this reduces the dimension of the
Hilbert space that can interact with the logical subspace to a
maximum of 15; though in some cases (such as for the butterfly
geometry) symmetry constrains this subspace further. For an
explicit representation of all 15 energy levels in the energy
1 2 3
Qubit A
4 5 6
Qubit B
(a) Linear
1
2
3
Qubit A
4
5
6
Qubit B
(b) Butterfly
1
2
3
Qubit A
6
5
4
Qubit B
(c) Rectangular
FIG. 2. Physical arrangements of quantum dots (or geometries)
considered in this work. Dashed green lines indicate large intraqubit
exchange couplings, with solid blue lines indicating the weaker
exchange coupling between qubits that can be used to effect two-
qubit gates. We will focus mainly on the (a) butterfly and (b)
linear geometries, with the (c) rectangular geometry being another
alternative.
075436-2
50 Characterisation of an exchange-based two-qubit gate for . . . : Chapter IV
CHARACTERIZATION OF AN EXCHANGE-BASED TWO- . . . PHYSICAL REVIEW B 93, 075436 (2016)
TABLE II. Qubit coupling parameters arising from lowest order
perturbation theory in each of the three geometries of Fig. 2.
Calculations assume that JAz  JBz , and that all nonzero exchange
couplings Jij are equal to Jc. When |JBz − JAz |  Jc, the degeneracy
of the logical |10〉 and |01〉 states is broken, and we find that J⊥ → 0
for all geometries. All other entries in the table are unaffected.
Geometry δJz/Jc Jzz/Jc J⊥/Jc
Linear 1/36 1/36 −1/24
Butterfly −1/18 1/9 0
Rectangular 0 1/6 −1/12
eigenbasis, please refer to the Supplemental Material [28].
The most important observation to make about the nonlogical
mz = 1 subspace is that they all have energies different from
those on the logical subspace by at least min(JAz ,J Bz ,B⊥).
This guarantees that leakage transitions will be unfavorable
provided that all additional energy-level splittings remain less
than ∼Jz, which leads to times of order at least ∼1/Jz. Since
single qubit operations already run slow compared to these
time scales, this is not a restriction in practice.
Using the fact that leakage processes are suppressed when
Jc  Jz, we performed first order degenerate perturbation
theory around Jc = 0 and wrote down its effect on the
logical subspace; the so-called effective Hamiltonian [29] on
the logical subspace. The zeroth order terms arising from
perturbation theory describe the uncoupled resonant exchange
qubits. Writing the Pauli-Z logical operators on qubit A and
B as σAz and σBz , respectively, the zeroth order effective
Hamiltonian is
H0 = −
(
JAz + JBz
)− 12JAz σAz − 12JBz σBz . (2)
The first order terms describe the leading order effect of the
interqubit coupling Jc. The effect on the logical subspace is
described by
Hc = δJc + 12δJz
(
σAz + σBz
)
+JzzσAz σBz + J⊥
(
σAx σ
A
x + σBy σBy
)
, (3)
with Jzz, δJz, and J⊥ all being geometry dependent, as
specified in Table II. This perturbative analysis is repeated
in greater detail in the Supplemental Material [28].
The structure of these effective Hamiltonians admit a
straightforward two-qubit CPHASE gate using a single dc
exchange pulse. Simple ac coupling pulses may also be
interesting [25], but we leave this to future work. Consider
first two qubits coupled according to the butterfly geometry of
Fig. 2(b). Since J⊥ = 0 in this geometry, the only two-qubit
component of the gate’s operation at first order is Jzz, which
will implement a CPHASE gate after a time τ such that∫ τ
0 Jzzdt = π/4 (modulo single qubit unitaries). The other
two geometries, linear and rectangular in Figs. 2(a) and 2(c),
respectively, have nonzero J⊥, and consequently will not
perform a CPHASE gate unless the additional contribution can
be suppressed. This can be achieved by detuning the intraqubit
exchange coupling energies such that |JBz − JAz |  Jc, or by
adding a simple logical Z (σAz or σBz ) echo pulse at t = τ/2
to one of the qubits associated with each exchange coupling
(which anticommutes with σAx σBx and σAy σBy , and thus cancels
out the effect of J⊥). We opt not to consider more sophisticated
pulse sequences that echo out higher order contributions to J⊥
in order to maintain the simplicity of our gate.
IV. GATE CHARACTERIZATION
We now begin a more complete characterization of the
performance of our two-qubit gate. The gate has two intrinsic
sources of error (which would be present even in an ideal
implementation): timing inaccuracies and leakage; and we will
consider the two sources of extrinsic noise anticipated to be
most pertinent in experimental implementation: charge and
Overhauser noise.
In the following two subsections, we will show that intrinsic
noise can be effectively mitigated by correctly tuning gate
times and by adiabatic pulse sequences, resulting in high
fidelity gate operations. We then move on to consider how
robust our gate is to the anticipated sources of experimental
noise. Simulations will be provided in each section to
demonstrate the anticipated performance of our gate. These
simulations involve Monte Carlo averaging (over pseudostatic
parameters) of solutions to a Lindblad master equation
(encoding high frequency noise). The performance measure
used is “entanglement fidelity,” as described in a former work
[26]. Entanglement fidelity is related to the more commonly
used “average fidelity” of random benchmarking by
¯F = dFe + 1
d + 1 ,
where ¯F is the average fidelity, Fe is the entanglement fidelity,
and d is the dimension of the quantum system [30,31] (d = 4
for our two-qubit system). Entanglement fidelity is used in
this work because it can be directly computed using a fixed
input state, which simplifies simulations. In this section, the
simulations are usually done for the butterfly geometry which
has the greatest symmetry and performance. In the next Sec. V,
we extend our analysis to the linear geometry, which should
be easier to fabricate for experiment.
A. Timing inaccuracies
Due to the complexity of the dynamics of the six quantum
dot system, there is no closed analytic form for the ideal gate
time. As a result, one needs to be careful how the gate time
is estimated; over- or underestimating the ideal gate time will
result in a corresponding over or under accrual of two qubit
phase, and thus reduced gate fidelities.
The ideal gate time is the time τ for which a noiseless
exchange pulse should be turned on between the two triple-
quantum-dot systems in order to perform a two-qubit CPHASE
gate on the encoded qubits. Recall from Sec. III that τ is
implicitly defined by
∫ τ
0 Jzzdt = π/4, with Jzz being geometry(and potentially time) dependent, as shown in Table II.
Using the butterfly configuration as an example, first order
perturbation theory predicts that Jzz(Jc) = Jc/9 and thus
implies that τ = 9π〈Jc〉t /4, where 〈Jc〉t is the time average of
Jc during the pulse. Note that the linearity of the first order
approximation for Jzz(Jc) allows one to compute gate time
τ in a manner agnostic to the details of the pulse shape,
requiring knowledge only of the average value of Jc during
075436-3
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the pulse. This property is lost beyond first order, as Jzz(Jc)
has corrections at higher order that become significant in all
geometries for physically relevant values of Jc and Jz, meaning
that τ must be calibrated anew for each pulse shape.
There is no closed analytic form for τ , and since τ would
in any case have to be calibrated in situ in any experimental
implementation using one of several optimization techniques
[32–35], we refer the reader to the Supplemental Material
[28] for a description of how we numerically optimize τ in
our simulations. Henceforth, we assume τ has been estimated
perfectly, and note that in many of our simulations τ differs
significantly from its first order estimates.
B. Leakage
Leakage is a measure of how much a state initially
with support only on the logical subspace shifts support
onto the nonlogical subspace during a logical operation, and
results in reduced entanglement fidelities (to first nontrivial
order, F = 1 − L). For an arbitrary state ρ, we quantify this
using L = Tr(PρP ), where P = 1 −∑l=00,01,10,11 |l〉 〈l| is
the projector off the logical subspace. Leakage occurs via
energetically forbidden excitations that are suppressed by the
energy gap between the logical states and a leakage state, or
when logical states are subjected to pulses with frequencies
corresponding to the energy gap.
In the two-triple-quantum-dot system, logical states are
isolated from leakage states by an energy gap E proportional
to Jz. When coupled using Jc, this energy gap monotonically
reduces. Consequently, as the ratio Jc/Jz increases, the like-
lihood of leakage also increases. The energy level spectrum,
with an indication as to which non-logical states the logical
states can couple, is shown in Fig. 3. Note that the symmetries
of the butterfly geometry cause Jc to couple logical states to
disjoint subspaces and give rise to an effective energy gap of
E = 3Jz/2, which is three times larger than in the linear
system where E = Jz/2 due to Jc coupling all of the logical
|QQ : 2〉 |QQ : 1〉 |QQ : 3〉
|1Q : 1〉 |1Q : 2〉 |Q1 : 2〉 |Q1 : 1〉
 
|11〉
|0Q : 1〉 |0Q : 2〉 |Q0 : 2〉 |Q0 : 1〉
 
|01〉
 
|10〉
 
|00〉
1
2Jz
1
2Jz
1
2Jz
1
2Jz
Jz
FIG. 3. Energy level spectrum of the mz = 1 subspace of a two
resonant exchange qubit system. Energy levels are each labeled, with
starred levels indicating logical eigenstates. The eigenstates corre-
sponding to each label are explicitly written out in the Supplemental
Material [28]. Under butterfly coupling Jc, the logical states couple to
like colored/dashed states leading to a minimal energy gap of ∼3Jz/2.
Note that the like colored/dashed levels form distinct subspaces.
Under linear coupling, all colored/thick energy levels are coupled
(including logical states), leading to a minimal energy gap of ∼Jz/2.
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FIG. 4. (a) Leakage L and (b) infidelity 1 − F (bottom) at the
end of a single two-qubit gate operation for several different adiabatic
profiles in both the butterfly and linear geometries. Thex axis is shared
between the plots, and is over Jc/E: the ratio of interqubit coupling
and the geometry-dependent minimum energy gap. The upper x axis
provides a conversion from Jc/E to Jc/Jz for the butterfly geometry
(an expression in terms of the controllable parameters of the model).
Colors indicate the adiabatic pulse profile used, while solid (dashed)
lines denote that the butterfly (linear) geometry is being considered.
Crucially, these plots demonstrate that use of adiabatic pulses can
improve suppression of leakage by several orders of magnitude,
provided that Jc is small compared to the energy gap, and that this
leads to a corresponding increase in gate fidelities.
states into the same subspace. This leads to substantially
improved performance in the butterfly configuration for any
given Jc/Jz.
Implementing our two-qubit gate requires Jc to be active
only for a fixed duration τ , meaning that rapid or broadband
changes in Jc when it is turned on and off can lead to excitations
from the logical subspace. Choosing pulse shapes with
discontinuities only at high differential orders can therefore
further suppress leakage by several orders of magnitude, and
hence improve fidelities, as shown in Fig. 4. For more intuition
regarding adiabatic pulses and leakage refer to our earlier work
on adiabatic pulses for singlet-triplet qubits [26].
In the absence of noise, the entanglement fidelity F ≈ 1 −
L is limited only by leakage, which is in turn determined by the
choice of adiabatic profile and the ratio Jc/Jz. This provides
an upper bound on the performance of implementations of
our gate. In this work, we will use a narrow-band sinusoidal
adiabatic pulse described by
˜Jc = Jc
(
1 − cos
(
2πt
τ
))
,
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which has its first discontinuity at second order when t = 0
and τ . Note that ˜Jc is defined such that Jc is the average value
of the pulse. This choice allows for fast single-pulse gates
with fidelities in excess of 0.9999 for physically reasonable
parameters, as shown in Fig. 4, and hence this gate may prove to
be useful for fault-tolerant computation using semiconductor
quantum dots. The remainder of this section will be devoted
to determining how robust this performance is to anticipated
sources of experimental noise.
C. Charge noise
One of the most significant sources of experimental noise
affecting semiconductor quantum dot qubits is charge noise
[11,27]. Charge noise is the effect of fluctuations in electric
potential on the gates defining the quantum dots, for which
there are many causes including environmental rf radiation
and Johnson noise [38]. Charge noise on the electrodes exhibits
itself in our model as fluctuations in the electrode detunings ε.
In this work, we describe charge noise on ε using a
two-parameter phenomenological model that approximates the
noise in gate voltages by static and white noise perturbations
around the desired value. The pseudostatic (dc) and white
noise (hf) perturbations are respectively parametrized by
the standard deviation of the pseudostatic charge offset σε
and the spectral density of charge fluctuations D; which
can be respectively calibrated to experimental T ∗2 and T2
characteristic times. This is the same model described in
our earlier work on singlet-triplet qubits [26], which seems
to reasonably describe the results of experiments [27], even
though the precise mechanisms that cause this behavior are
not perfectly understood [38]. In experiment, there are likely
to be additional high-frequency T1 processes biased toward
relaxation, which we have chosen not to include in this model
as it would require adding parameters to our model that have
not been sufficiently well empirically constrained. Moreover,
it has been found in experiment that characteristic T1 times
are in excess of ∼40 μs for Jz  1.5 μeV [11], which is long
compared to T2 times of T2 ∼ 20 μs [11]. Even though T1
times are found to decrease with larger Jz [11], and so at
some point will become comparable to the dominant sources
of noise, the performance of our gate does not appear in any
case to be limited by high frequency noise in the parameter
space of interest to us [see Fig. 5(b)]. We therefore do not
expect that the fidelity of our gate operations will be strongly
affected by T1 relaxations.
During the operation of our gate, there are multiple
exchange couplings active at once (five in the case of the
butterfly and linear geometries). We assume that charge noise
is independent on each coupling, and use as mentioned
earlier an exponential ansatz for each coupling: Jij (εij ) =
J0 exp(εij /ε0), where i and j indicate the pair of dots being
coupled. We also assume that the size and spacing of each pair
of dots is the same, allowing us to use the same J0 and ε0
for each coupling. J0 and ε0 are calibrated to match such that
J (ε) is consistent with the data from Dial et al. [27]. In the
small noise limit in which we are interested, first order analysis
of the effect of perturbations to the intraqubit couplings J12
and J23 allow one to derive that σε =
√
2ε0/J/T ∗2 and
D = 22ε20/J 2/T2, where J is the exchange coupling inferred
TABLE III. Model parameters. In the experiments of Medford
et al. [11], the intraqubit couplings Jz had measured values of roughly
0.8 μeV (0.2 GHz) to 4 μeV (1 GHz), of which we’ve chosen
a conservative value. The parameters for the exponential ansatz
J (ε) = J0 exp(ε/ε0) were chosen to roughly match the experimental
results of Dial and collaborators [27]. The noise parameters σε and D
were calibrated by respectively matching somewhat typical values of
T ∗2 = 25 ns and T2 = 20 μs from experiment [11,14]. The standard
deviation of the Overhauser field σB was chosen to be consistent with
[3,4,36,37].
Parameter Value
Exchange couplings:
Jz = JAz = JBz 1.65 μeV (∼0.4 GHz)
Exponential ansatz:
J0 82.7 μeV (∼20 GHz)
εD 0.35 mV
Charge noise:
σε 15.8 μV
D 0.244 μV2ns
Overhauser noise:
σB 2 mT
from the experiment. In this work, we fit these parameters
to experimental single resonant-exchange qubit T2 times of
∼20 μs and T ∗2 times of ∼25 ns [11,14]. The resulting
parameters are shown in Table III.
The simplicity of the noise model and exponential ansatz
allows us to construct a qualitative model from perturbation
theory of the effects of this noise model on the entanglement
fidelity at the end of a single two-qubit gate operation:
F  1 − L− k
2
16ε20
(
1 +
√
2J 2z /J
2
c
)(
σ 2ε + DJc/k
)
, (4)
where L is the ultimate leakage, Jc and Jz are the inter- and
intraqubit exchange couplings, respectively, ε0 is parameter of
the exponential ansatz, and k is a geometry dependent constant
term.
This qualitative model provides several key insights. First,
we learn from the (1 + √2J 2z /J 2c ) factor that the fidelity
dimunition due to noise becomes more significant for longer
gate times (Jc/Jz small), and so one is encouraged to run
the gate as quickly as possible. The
√
2J 2z /J 2c term arises
from dc noise on intraqubit couplings, and proves to be
the dominant contribution to infidelity. The (σ 2ε + DJc/k)
factor suggests that dc noise (parametrized by σε) leads to an
approximately uniform dimunition of fidelity for any given
Jc/Jz, whereas high frequency noise (parametrized by D)
becomes relatively more significant as Jc increases, and that
their effect is additive. Putting this all together we predict
that gate performance decreases when Jc/Jz is too large
(where leakage errors dominate) or too small (where low
frequency charge noise dominates). For the experimentally
relevant parameters considered in this work, we will not enter
a regime where Jc is sufficiently large that high frequency
charge noise dominates. These predictions are corroborated in
simulations of the butterfly geometry including high frequency
and dc charge noise, as shown in Fig. 5. With the noise
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FIG. 5. Contribution to fidelity (Fnoisy − Fnoiseless) from (a) pseudostatic (dc) and (b) white (hf) charge noise on each of the five exchange
couplings active during a single gate operation using the butterfly geometry. The color map used is divergent at a fidelity of 0.9, as shown
above, with blue colors indicating performance in excess of 0.9, and gray colors indicating performance below 0.9. Since dc noise is essentially
dependent only on the ratio Jc/Jz, we plot in (a) the infidelity contribution as a function of Jc/Jz and σε . The value of σε from Table III is
indicated by a dashed line at 15.8 μV. In (b) we plot the fidelity contribution from white charge noise for D = 0.244 μV2ns as in Table III.
The qualitative behavior of both plots is predicted by Eq. (4).
parameters chosen to correspond to current experiments, we
note that the gate’s performance in the presence of charge noise
appears to be limited by intraqubit dc noise. This pseudostatic
noise can in principle be echoed out by a single echo pulse.
We will consider the effect of such simple echo pulses later
when discussing the linear geometry. As well as echo pulses,
we expect that technical developments will reduce the level of
low frequency charge noise in the future.
D. Overhauser noise
Perhaps the most widely used substrate in semiconductor
quantum dot experiments is the GaAs/AlGaAs heterostructure.
The nuclei in this substrate have nonzero spin, which give rise
to a net magnetization which slowly (compared to gate times)
varies due to nuclear spin flip-flop interactions [39]. This net
polarization is called an Overhauser field. While there exist
semiconductor substrates composed of nuclei which do not
have a spin (such as silicon and graphene), GaAs/AlGaAs
has remained a popular material due to the well-developed
fabrication techniques associated with it. In this section, we
quantify the effect of varying levels of Overhauser noise on
the performance of our gate.
The Overhauser field looks like an additional randomly
oriented local magnetic field at each dot. We assume that only a
small fraction of the ∼106 nuclei in the vicinity of each dot also
contribute significantly to the polarization of an adjacent dot,
and therefore make the approximation that these local fields
are uncorrelated. In GaAs/AlGaAs structures, the Overhauser
field has an RMS magnitude of about 1 to 3 mT [37].
We model the Overhauser field as a pseudostatic offset
of the magnetic field along the z axis sampled from a normal
distribution with standard deviation σB . The neglected in-plane
components of the random field contribute at second order in
perturbation theory, and their effect is suppressed when the
system is subject to a large magnetic field along z (as already
posited in earlier sections), and so can be safely ignored in this
analysis. For a more complete analysis, we refer the reader to
Hung et al. [40].
The effect of this random Overhauser field is to couple the
logical subspace to all of the fifteen mz = 1 states shown in
Fig. 3, leading to both leakage and logical errors. The logical
errors directly caused by the Overhauser field are limited to
single qubit errors, as must be the case since the magnetic field
perturbations are local to each dot.
Simulations of entanglement fidelity for a range of different
Overhauser field magnitudes in an otherwise noiseless gate
implementation are shown in Fig. 6. Our Monte Carlo simu-
lations preferentially sample some magnetic field gradients in
order to increase the rate of convergence, as described in the
Supplemental Material [28]. From Fig. 6(a), we see that the
effect of the Overhauser field is approximately linear in gate
time (breaking down only once leakage becomes significant).
From Fig. 6(b), we see its effect is also approximately linear
in the standard deviation of the field.
It should be noted that various techniques exist for reducing
the magnitude of the Overhauser field in GaAs/AlGaAs, for
example by nuclear state preparation which has been shown
to reduce the RMS by a factor of ∼70 [41], in which case
the effects of the Overhauser field can be largely neglected.
Implementing these techniques can be quite complicated,
however, and so we assume conservatively that the field will
be unsuppressed.
E. Cumulative noise model
As mentioned earlier, charge and Overhauser noise are
the two most significant sources of noise in semiconductor
quantum dot experiments, and in this section we simulate the
performance of our gate in the presence of both.
In principle the effects of Overhauser and charge noise
can be more serious than for either noise source alone. For
example, we learn from perturbation theory that at second
order and above, the Overhauser field cross-couples with
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FIG. 6. Contribution to fidelity (Fnoisy − Fnoiseless) from a pseudostatic Overhauser field with standard deviation σB . In (a) the fidelity
contribution is plotted as a function of Jc/Jz and Jz for σB = 2 mT, revealing that Overhauser noise contributes to infidelity in a manner
somewhat proportional to gate time (contours of constant gate time are indicated by gray lines), except at large Jc/Jz corresponding to large
leakage. In (b) the fidelity contribution is plotted as a function of Jc/Jz (with fixed Jz = 1.65 μeV) and σB . The radial contours of (b) (in
regions where leakage does not dominate) imply that infidelity is proportional to σB/Jc which is roughly ∝τσB , thus corroborating that the
infidelity grows roughly as gate time. The color map used is the same as in Fig. 5.
charge noise in Jc, allowing the Overhauser field to effect
genuine two-qubit errors. The larger Jc/Jz and σB become, the
greater this cross-coupling and hence the nonlinearity in the
contribution of charge noise and Overhauser noise to fidelity.
Fortunately, this effect is small in the parameter regime in
which we are interested, and so we refer the reader to the
Supplemental Material for more details [28]. This is visible
in the simulations discussed below, in which the effect of
charge and Overhauser noise on gate fidelities is (very nearly)
additive.
A simulation of the performance of our two-qubit gate in
the presence of both charge and Overhauser noise is shown
in Fig. 7. In this figure we see that the tradeoff of avoiding
leakage at large Jc/Jz, while running the gate fast enough
to avoid the accumulation of dc charge noise and Overhauser
noise, leads to an optimal value for Jc/Jz of approximately 0.6
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0.8
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FIG. 7. Entanglement fidelity for the butterfly geometry subject
to charge and Overhauser noise, as described in the main text, with
noise levels calibrated to correspond to experiment (see Table III).
Performance is found to be limited predominantly by leakage (from
above), intraqubit dc charge noise (from below), and Overhauser
noise (from the left), leading to an optimal ratio of Jc/Jz ∼ 0.6 where
fidelity reaches ∼95% for large enough Jz. The color map used is the
same as in Fig. 5.
for large enough Jz. Significantly, using just a single exchange
pulse, we predict fidelities of ∼0.95 with parameters currently
accessible in experiment.
This optimal value of Jc/Jz is surprisingly large compared
to intuitions garnered from prior arguments based on lowest
order perturbation theory [25], in which one must satisfy Jc 
Jz. When this tighter contraint is satisfied, implementations
of this operation would actually take longer than a more
traditional approach involving multiple exchange pulses [20],
and as seen in the results of our simulations, would in any case
have low fidelities. That high fidelities are achievable with a
large optimal value of Jc  0.6Jz is one of the main results
of our study, and is due to the tuning of gate times and use of
adiabatic pulses discussed in Secs. IV A and IV B, respectively.
There is still a large gap between the gate fidelities found
in the presence of these realistic noise sources and the
upper limit imposed by leakage, as discussed in Sec. IV B.
This could be mitigated in several ways. First, one could
increase our conservative choice of Jz, with larger values of
Jz leading to higher fidelities, with the caveat that it has been
observed in experiment that qubit relaxation rates increase with
Jz, likely due to phonons. More experimental investigation
would be required to determine the optimal choice of Jz, but
experimental evidence [11] suggests that the parameters we
have chosen are not too far from optimal for current devices.
Secondly, one could add a spin echo pulse at τ/2, which will
be discussed in more detail for the linear geometry in the next
section. For the butterfly geometry, simulations involving an
echo pulse boost fidelities to ∼0.98 at the cost of slowing down
the gate. Thirdly, fidelities could be increased by suppressing
the Overhauser field using DNP, or using a material without
nuclear spin. We found that suppressing the Overhauser field
entirely while also echoing the low frequency charge noise
allowed for fidelities exceeding 0.99.
V. ALTERNATIVE GEOMETRIES
While we have so far focused mainly on the butterfly
geometry due to its simplifying symmetries and higher
performance, it seems likely that it will be much easier to
075436-7
Section 4.1 : Main Text 55
MATTHEW P. WARDROP AND ANDREW C. DOHERTY PHYSICAL REVIEW B 93, 075436 (2016)
fabricate a linear array of quantum dots. We therefore extend
our characterization to include the anticipated performance of
a linear geometry, as shown in Fig. 2.
In Sec. IV B, we noted that the linear exchange coupling
J34 lacked the symmetry of the butterfly coupling, leading to
an effective energy gap three times smaller than the butterfly
geometry. Figure 4 demonstrated that when this is taken into
account in the absence of experimental noise, and leakage is
plotted as a function of Jc/E, the leakage of the butterfly
and linear arrangements is qualitatively similar. As detailed
in Sec. III, the J⊥ term in Eq. (3) is nonzero for the linear
geometry, which makes it necessary to apply an echo pulse that
anticommutes with the σAx σAx + σBy σBy contribution at t = 0
and at t = τ/2 in order to perform a CPHASE gate [25]. One
such choice (which we adopt in this work) is a pi rotation of
the B qubit about the z axis, which effects a σBz operation.
This could be experimentally implemented for the resonant
exchange qubit by briefly shifting the value of JzB . Since
Jc changes the energy spectrum of the logical subspace, it
is necessary to ensure that Jc is turned off when the echo is
applied. For our choice of a sinusoidal pulse envelope amounts
to halving the time of the pulse and repeating it twice. Prior
to each of these Jc pulses one performs the single qubit σzB
operation.
The smaller energy gap E means that the gate must
be run more slowly than in the butterfly geometry, making
the linear geometry more susceptible to noise. The most
significant contribution to infidelity in Fig. 5(a) was dc noise
on the intraqubit couplings, which is geometry independent
and diminishes fidelities for Jc/Jz  0.5. Since leakage
becomes significant in the linear geometry for Jc/Jz  0.3,
without suppressing dc noise, high-fidelity operation is not
possible without modifying the gate. Here we demonstrate that
suppression of dc noise is possible by modifying the echo pulse
used. Applying a pulse at t = 0 and t = τ/2 that anticommutes
with the σAz and σBz terms of Eq. (2) (such as σAx σBx ) will echo
out the effect of dc noise on the intraqubit couplings. This
can be merged with the σBz pulse discussed above. In this
work we choose to apply a σAx σBx pulse, which becomes (up to
irrelevant phase) σAx σBy when merged with σBz . Note that this
amounts to an independent simultaneous π rotation for each
qubit. In resonant exchange qubits this pulse can be achieved
by oscillatory J pulses that are chosen to be out of phase by
π/2. In the simulations shown in Fig. 8 we demonstrate that
these pulse sequences result in improved fidelities of ∼97%.
Similar to the butterfly geometry, gate performance is
reduced for large and small values of Jc/Jz by leakage and
(interqubit) dc charge noise, respectively, and for small values
of Jz and/or Jc/Jz by Overhauser noise.
In this analysis, we have assumed that the echo pulses
(which are single qubit operations) are instantaneous and
performed with higher fidelity than two-qubit operations. In
actual fact, current experiments demonstrate single qubit gate
times several times longer [11] than the duration of our
two-qubit gate. At this preliminary stage, however, single
qubit operations gate times have not been optimized, and we
expect single qubit gate times could be reduced to a point
where they are not limiting gate performance. In any case, our
primary objective is to show that two-qubit gate operations in
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FIG. 8. Entanglement fidelity for the linear geometry subject to
charge and Overhauser noise, as described in the main text, with
noise levels calibrated to correspond to experiment (see Table III). A
single σAx σBy echo pulse is applied at τ/2 in order to echo out both
intraqubit psuedostatic charge noise and non-σAz σBz two-qubit phase,
which restores maximum fidelities to ∼97%. Fidelities are limited
predominantly by leakage (from above), Overhauser (from left and
below), and high frequency noise (from below). The color map used
is the same as in Fig. 5.
semiconductor systems can be implemented with times and
fidelities comparable to single qubit operations, and so we
have left a more detailed study to future work.
VI. DISCUSSION
In this paper we have extended the analysis of our proposal
for a two-qubit CPHASE gate between resonant-exchange
qubits [25], which uses the large intraqubit exchange cou-
plings to energetically suppress leakage caused by interqubit
exchange couplings. In particular, we have demonstrated that
high-fidelity two-qubit operations are possible with gate times
comparable to single-qubit operations, provided that gate times
are carefully tuned to account for perturbations beyond first
order, demonstrated that leakage can be further suppressed
by using adiabatic pulse profiles, and shown in conservative
simulations that the infidelities of our two-qubit gate are small
(a few percent) even when subject to charge and Overhauser
noise that has been calibrated to recent experiment.
Our two-qubit gate works whenever there is an effective
exchange coupling between the qubits. This could be a direct
exchange coupling (as we have envisaged here), or an indirect
coupling through an intermediate dot which has recently been
shown to generate an effective exchange interaction [42,43].
In our analysis, we found (intraqubit) dc charge noise on
the electrodes defining the quantum dots to be the most potent
source of gate infidelity. While we have chosen our noise
parameters to match experimental results, we do not believe
there is any fundamental reason why this noise cannot be
substantially reduced. The next largest source of infidelity
was the Overhauser field. We calibrated our simulations to
reflect an unsuppressed Overhauser field in GaAs/AlGaAs
heterostructures. It is possible to suppress the Overhauser
field fluctuations using dynamic nuclear polarization [44–46],
which can reduce the standard deviation of the field fluctu-
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ations by several orders of magnitude (e.g. [41]). It seems
reasonable to expect that our two-qubit gate’s fidelities may
exceed 99% even without using echo pulses. Of course, since
low-frequency (dc) noise and the Overhauser field fluctuations
vary very slowly compared to gate times, it should be
reasonably simple to use echo pulses or dynamical decoupling
if necessary.
A surprising result, perhaps, is that optimal ratio of in-
terqubit coupling to intraqubit coupling Jc/Jz is actually quite
large, especially in the butterfly geometry. As a consequence, it
is not necessary to run these gates particularly slowly, allowing
our gate to run faster (and possibly with greater fidelity) than
even the most carefully constructed pulse sequences (e.g. [20]).
Our approach of energetically suppressing spin-flip transi-
tions in order to implement two-qubit gates using exchange
coupling has utility in other qubit architectures, as we have
already shown in singlet-triplet qubits [26]. The main benefit
of this approach is to remove dependence on complicated pulse
sequences in order to achieve high fidelities.
The relative simplicity of our two-qubit gate, coupled with
its high performance, commends it for implementation in
contemporary experiment.
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1 Energy eigenstates for the mz = 1 subspace
In this section we list the energy eigenstates for the mz = 1 subspace of the two resonant-exchange qubit system,
in terms of the single qubit states listed in table I of the main text. Where an energy degeneracy occurs, we choose
states that maximally exploit the symmetries of the butterfly geometry, in order to reproduce the splitting and
coupling shown in figure 3 of the main text. In particular, the states of the butterfly configuration are invariant
under global spin rotations, allowing one to write the degenerate subspace in terms of states with definite angular
momentum using standard Clebsch-Gordan coeﬃcients. The states, along with their symmetries, are listed in the
following table, in eigenstates are sorted by energy and then by total angular momentum S. Note that energies
omit the constant  B? contribution shared by all states. The eigenstate label is chosen to indicate which elements
of the single subspace are involved, and then append a colon followed by the total angular momentum (with the
exception of logical states, where the total angular momentum is omitted). The “Parity” column indicates the parity
accumulated by the state under the operation involving swapping dot 1 and 3 (the first sign) and 4 and 6 (the
second sign) in the butterfly geometry. + , for example, indicates that the state is unchanged under swapping the
dots in the first qubit, but attracts a negative sign when swapping the dots of the second. The “Swap” column
indicates the parity of the state when interchanging the qubits, where this is well-defined. Horizontal lines form the
states into groups of equal energy.
Label State Energy (+B?) S Parity Swap
jQQ : 1i
q
2
5 jQ;Qi  
q
3
10
 Q3=2; Q + Q ; Q3=2 0 1 ++ +
jQQ : 2i
q
1
5
 Q3=2; Q   Q ; Q3=2 0 2 ++  
jQQ : 3i
q
3
5 jQ;Qi+
q
1
5
 Q3=2; Q + Q ; Q3=2 0 3 ++ +
j1Q : 1i 12 j1; Qi  
p
3
2
1 ; Q3=2  12JAz 1  +
j1Q : 2i
p
3
2 j1; Qi+ 12
1 ; Q3=2  12JAz 2  +
jQ1 : 1i 12 jQ; 1i  
p
3
2
Q3=2; 1   12JBz 1 + 
jQ1 : 2i
p
3
2 jQ; 1i+ 12
Q3=2; 1   12JBz 2 + 
j11i j1; 1i  12 (JAz + JBz ) 1    +
j0Q : 1i 12 j0; Qi  
p
3
2
0 ; Q3=2  32JAz 1 ++
j0Q : 2i
p
3
2 j0; Qi+ 12
0 ; Q3=2  32JAz 2 ++
jQ0 : 1i 12 jQ; 0i  
p
3
2
Q3=2; 0   32JBz 1 ++
jQ0 : 2i
p
3
2 jQ; 0i+ 12
Q3=2; 0   32JBz 2 ++
j10i j1; 0i 12 (JAz + 3JBz ) 1  +
j01i j0; 1i 12 (3JAz + JBz ) 1 + 
j00i j0; 0i 32 (JAz + JBz ) 1 ++ +
1
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2 Derivation of the Eﬀective Hamiltonian
In this section we describe how the eﬀective Hamiltonian of equations 1 and 2 in the main text is lifted from
perturbation theory, the procedure for which follows standard practice [1]. The main idea is that, in the limit that
inter-qubit coupling Jc is small compared to intra-qubit coupling Jz, the evolution of the logical subspace in which
we are interested should be well-approximated by low-order terms in a perturbation expansion around Jc = 0; from
which considerable insight might be gained into qubit dynamics.
To generate the eﬀective Hamiltonian for a given geometry, we perturb the Hamiltonian describing the two
decoupled resonant exchange qubits with the Hamiltonian describing the two-qubit coupling of that geometry, to
first order in a Rayleigh-Schroedinger perturbation expansion. We then construct the eﬀective Hamiltonian using the
resulting energies E and eigenvectors jEi that adiabatically map to the logical states using He =
P
E E jEi hEj.
This algorithm explicitly disregards any leakage operations, but captures the dominant dynamics on the logical
subspace. The result is a diagonal Hamiltonian, except where the original logical states were degenerate.
For our two resonant exchange qubit system, in which the j01i and j10i states are degenerate (shown in figure
3 of the main text), this results in a block-diagonal Hamiltonian when written in the basis fj00i ; j01i ; j10i ; j11ig.
We explicitly compute the eﬀective Hamiltonians for the geometries shown in figure 2 of the main text; that is,
the linear, butterfly and rectangular geometries respectively. We also explicitly compute the coeﬃcients of AI 
B
I ,
Ax 
B
x , Ay By , and Az Bz , which are then used to populate table II of the main text.
2.1 Linear
Heff =
26666666664
  5J34
36
  3J
A
z
2
  3J
B
z
2
0 0 0
0   J34
4
  3J
A
z
2
  J
B
z
2
  J34
12
0
0   J34
12
  J34
4
  J
A
z
2
  3J
B
z
2
0
0 0 0   J34
4
  J
A
z
2
  J
B
z
2
37777777775
coecients =
26664
  2J349   JAz   JBz
J34
36   J
B
z
2
J34
36   J
A
z
2
J34
36
37775
2.2 Butterfly
Heff =
26666666664
  2J25
9
  3J
A
z
2
  3J
B
z
2
0 0 0
0   J25
3
  3J
A
z
2
  J
B
z
2
0 0
0 0   J25
3
  J
A
z
2
  3J
B
z
2
0
0 0 0   J
A
z
2
  J
B
z
2
37777777775
coecients =
26664
  2J259   JAz   JBz
 J2518   J
B
z
2
 J2518   J
A
z
2
J25
9
37775
2.3 Rectangular
Heff =
26666666664
  5J16
36
  2J25
9
  5J34
36
  3J
A
z
2
  3J
B
z
2
0 0 0
0   J16
4
  J25
3
  J34
4
  3J
A
z
2
  J
B
z
2
  J16
12
  J34
12
0
0   J16
12
  J34
12
  J16
4
  J25
3
  J34
4
  J
A
z
2
  3J
B
z
2
0
0 0 0   J16
4
  J34
4
  J
A
z
2
  J
B
z
2
37777777775
coecients =
26664
 2J169   2J259   2J349   JAz   JBz
J16
36   J2518 + J3436   J
B
z
2
J16
36   J2518 + J3436   J
A
z
2
J16
36 +
J25
9 +
J34
36
37775
Note that to recover the provided coeﬃcients in table II of the main text, we assume that all inter-qubit couplings
(J16, J25 and J34) are equal to Jc.
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Figure 1: (colour online) In (a) we plot the ideal gate time Tmax as computed using the “hybrid” method described
in the text, which is our best approach for maximising the fidelity of gate operations. Tmax(Jc=Jz) is defined as in
the text, and plotted here for J refz = 1:65eV . In (b) we plot the relative diﬀerence T =Tmax of the other methods
described in the text, namely “adiabatic” (green dashed) and “first order” (red dotted) methods, to the “hybrid”
estimate (blue solid). The plots share the same x axis, which is the ratio of intra-qubit coupling to inter-qubit
coupling Jc=Jz. Note that the first order approximation consistently underestimates the phase accrual rate, and
so overestimates the gate time. While an adiabatic phase estimation does better, it ends up underestimating the
phase due to the importance of evolution oﬀ the logical subspace for large enough Jc.
3 Estimating Ideal Gate Time
As mentioned in section IVA, over- or under-estimating the ideal gate time  leads to over- or under-accrual of
two-qubit phase, resulting in poor gate fidelities. In particular, using a first order approximation neglects higher
order terms that give rise to convex non-linearity in Jzz(Jc), and so consistently exaggerates gate times. In this
section, we describe the method by which we obtain accurate timing estimates for use in the simulations of the
main text.
There are two methods that one might employ to find an estimate of  that includes high order perturbations.
One can make the assumption that evolution is perfectly adiabatic, solve for the eigenvalues at diﬀerent values
of inter-qubit coupling Jc, and thus infer the two-qubit phase accumulation rate Jzz; or, alternatively, one can
locally maximise the gate fidelity over gate times. The first method works well for small values of Jc=Jz (where
the adiabatic approximation make sense), and the second method works well for larger values of Jc=Jz (where gate
times are shorter, and numerical integration has less time to accumulate error). We therefore use a hybrid approach
that works well across all values of Jc=Jz: for Jc=Jz  0:15, we use the adiabatic approach, and for Jc=Jz > 0:15
we use the adiabatic approach to seed a numerical optimisation of gate fidelity over gate times.
As noted in the main text, the non-linearity of Jzz(Jc) means that we must repeat this estimation process for
each pulse shape considered. As the dynamics of our (noiseless) two-qubit system is determined by the ratio of
Jc=Jz, given a particular pulse shape, we need only optimise over the ratio of the two physical degrees of freedom,
rather than both. We therefore proxy the optimisation of (Jc; Jz) for any given pulse shape by optimisations over
the single parameter function T (Jc=Jz). In practice we fix a value of Jz = J refz , and vary Jc.  can be recovered
from T using:
(Jc; Jz) =
J refz
Jz
T (Jc=Jz):
The gate time for maximum fidelity Tmax for the butterfly configuration using a sinusoidal adiabatic pulse profile is
3
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shown in figure 1, along with the relative error of the first order and adiabatic estimations. We note that the first
order approximation consistently underestimates the phase accrual rate, and so overestimates the gate time. While
an adiabatic phase estimation does better at first, it ends up underestimating the phase due to the importance of
evolution oﬀ the logical subspace for large enough Jc.
4 Accelerating Monte-Carlo Convergence in Overhauser Simulations
Simulations involving the Overhauser field modelled as described in the main text requires averaging over a multi-
variate normal distribution in 6 variables (11 if DC charge noise is also considered). While a naive Monte-Carlo
simulation that samples the local Overhauser field contribution for each dot will converge eventually, we speed up
the convergence by instead sampling preferentially from linear combinations of local Overhauser contributions that
appear at lower order in perturbation theory.
Inspired by perturbation theory, we form a spanning basis for the magnetic fields:
B0 =
1
6
X
n
Bn
B =
1
3
0@X
n3
Bn  
X
n4
Bn
1A
ij = Bi  Bj for 13 and 46
ijk = Bi   2Bj +Bk for 123 and 456
where Bn (with n 2 [1; 6]) is the z-component of the Overhauser field at dot n. We learn from perturbation theory
that 123 and 456 first contribute at zeroth order in perturbation theory, 13 and 46 at first order, and B at
fourth order. As B0 is a global field, it does not contribute.
The higher the order at which the terms contribute, the more significant that term is to the dynamics of the
qubit system. It makes sense, therefore, to sample lower order terms more often. Technically, one should weight
each term roughly as (Jc=Jz)o, where o is the order at which the term appears in perturbation theory. We found it
simpler, however, to use a conservative ratio of 5 between terms of diﬀerent order. That is, for each 100 simulations,
we sample 123 and 456 100 times, 13 and 46 20 times, and B 4 times.
As the terms of the new basis are linear compositions of the Bn terms, the random variable associated with
each term will diﬀer from the underlying local field fluctuations. In particular, if each Bn  N (B0; 2B), then the
relevant terms of new basis will be sampled from the distributions:
ijk  N (0; 42B)
ij  N (0; 22B)
B  N (0; 22B)
5 Cross-Coupling
Perturbation theory provides the insight that beyond first order the Overhauser field cross-couples with charge noise
in Jc at second order and above. This allows the Overhauser field to contribute non-trivially to two-qubit phases.
For example, the two-qubit phase accumulation rate to second order for the butterfly configuration is given by:
Jzz =
1
9
Jc + J
2
c
8(JAz + J
B
z )
2   5JAz JBz
243JAz J
B
z (J
A
z + J
B
z )
?   2
81
Jc

123
JAz
+
456
JBz

+O(Jc2) +O(J2c) +O(J3c );
where ijk = Bi   2Bj +Bk, and where the coloured and starred line is the eﬀect of cross-coupling. The intuition
is that as Jc=Jz and the B increase, the greater the two-qubit cross-coupling error. For the useful range of Jc=Jz
values, and the experimentally inspired values of B used in the main text, the eﬀect of this cross-coupling is
negligible.
4
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CHAPTER V
ESTIMATING MAGNETIC FIELD
GRADIENTS IN SINGLET-TRIPLET
QUBITS
This chapter details analysis we performed on singlet-triplet qubit measurement data
provided by the Yacoby Group at Harvard University. We apply existing parameter
estimation techniques to estimate the magnetic field gradient in between the two con-
stituent quantum dots, and demonstrate that this information can be used to increase
coherence times by an order of magnitude. We then investigate the dynamics of the
magnetic field gradient, focussing on drift and diﬀusion, and use that information to
build an improved estimator that further extends coherence times by about 30%. This
estimator is designed with in-situ operation in mind, allowing for the possibility of
adaptive feedback and control. We also investigate time-correlations in the data, and
demonstrate that inferred diﬀusion rates concur with our earlier investigation; provid-
ing evidence that field gradients can be well-modelled as a one-dimensional Wiener
process.
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5.1 Introduction
The singlet-triplet double-quantum-dot qubit [1–18] is one of several semiconductor
quantum dot systems [19–27] that are collectively among the leading contenders in the
realisation of universal quantum computation, with the necessary properties for such
computation having been demonstrated for systems involving one and two qubits.
It is challenging, however, to maintain the long coherence times needed for useful
computation in the presence of electrical and magnetic noise.
In this work we investigate the use of parameter estimation to increase the coherence
times of single-qubit operations in singlet-triplet qubits. Arbitrary single-qubit opera-
tions in these qubits can be performed using pulsed exchange coupling in conjunction
with a magnetic field gradient between the dots [2, 9, 23, 28–33], as detailed in the next
section. The most common semiconductor substrate in which these qubits are formed
is the GaAs/AlGaAs heterostructure, which is composed of nuclei with non-zero spins
that interact with each other in complex dynamics [31, 33, 34] and ultimately lead
to an additional slowly varying random contribution to magnetic field gradient called
the Overhauser field. The presence of this field increases the variance of the magnetic
field gradient and leads to artificially increased dephasing and reduced T ∗2 times. We
will demonstrate that this artificial dephasing can be substantially reduced by using
existing parameter estimation techniques [35] to estimate the field gradient. We then
use the same techniques to characterise the dynamics of the field gradient, and then
demonstrate how to use this knowledge to further improve parameter estimation. The
data used in this analysis comes from experiments done by Yacoby Group at Harvard
University, and is described in the supplementary material. While we do this anal-
ysis oﬄine, our methods are designed with in-situ field programmable gate arrays
(FPGAs) in mind, which perform well at low temperatures and can thus be used for
real-time feedback and control within the experimental apparatus used for testing
these semiconductor quantum dot systems.
A similar and largely independent analysis was done by Shulman et al. [36] on diﬀerent
(but similar) data generated on the same experimental apparatus. Our work diﬀers
from their analysis in that we consider a Fourier representation of the Bayesian update
rules presented in section 5.3.3 in order to avoid making approximations, study dif-
ferent averaging methods, and ultimately construct a more powerful Bayesian update
rule that incorporates fixed drift and diﬀusion rates calibrated to the experimental
apparatus.
In section 5.2, we introduce a minimal singlet-triplet model to motivate our analysis;
in section 5.3 we review the existing parameter estimation techniques using Fourier
transformations and Bayesian analysis, and apply them to measurements of the afore-
mentioned singlet-triplet system; in section 5.4 we probe the dynamics of the field
gradient, as characterised by drift and diﬀusion rates, and use these rates to extend
the model of Bayesian inference discussed in the previous section; and in section 5.5
we conclude with a brief discussion of the significance of this work.
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1 2
Qubit
Figure 5.1 – A schematic of the double quantum dot qubit system. Exchange
coupling J12 is indicated by the dashed green line between the dots. The two-
dot system is also subject to an (undrawn) transverse magnetic field gradient
between the dots.
5.2 Singlet-Triplet Qubits
Singlet-triplet qubits are constituted by two semiconductor gate-defined quantum dots
in a two-dimensional electron gas (2DEG) (shown in figure 5.1), each electronically
tuned to almost surely contain a single electron [2]. We describe such a double quan-
tum dot system using the Hamiltonian:
H = 12B1ZI +
1
2B2IZ +
1
4J12(XX + Y Y + ZZ − II), (5.1)
where Bn is the Zeeman splitting of an electron due to the transverse magnetic field
passing through dot n; J12 is the exchange coupling between the two dots; X, Y , and
Z are the usual Pauli spin operators, with products implying the tensor operation;
and where this Hamiltonian is written in the “spin” basis {|↑↑⟩ , |↑↓⟩ , |↓↑⟩ , |↓↓⟩}.
Singlet-triplet qubits are operated in the presence of a large global magnetic field B0 =
(B1+B2)/2, which Zeeman splits themz = 1 |↑↑⟩ andmz = −1 |↓↓⟩ triplet states from
the mz = 0 states |↑↓⟩ and |↓↑⟩. The mz = 0 states form a natural two-level quantum
system into which we can encode a qubit. Since the mz = 0 states are degenerate
under the Zeeman splitting terms in the Hamiltonian of equation 5.1, it makes sense
to choose the logical states to be eigenstates of the exchange coupling term; and so
the logical states become the singlet and triplet states: |S⟩ = (|↑↓⟩ − |↓↑⟩)/√2 and
|T0⟩ = (|↑↓⟩+ |↓↑⟩)/
√
2 ; giving the qubit its name.
If we assume that the global magnetic field B0 is large enough that the energetically-
forbidden excitations from the logical subspace are negligible, we can write an “eﬀec-
tive” Hamiltonian that is the projection onto the logical subspace and that describes
evolution in that space. Written in the logical basis of {|S⟩ , |T0⟩}, this eﬀective Hamil-
tonian is given by:
Heﬀ =
1
2
( −J12 ∆B
∆B J12
)
≡ 12(−J12Zˆ +∆BXˆ), (5.2)
where ∆B = B1 − B2, and where Zˆ and Xˆ are the logical Z and X Pauli operators
respectively. Note that we have associated |S⟩ with the positive eigenvalue of Zˆ; and
|T0⟩ with the negative eigenvalue. The exchange coupling J12 leads to phase accumu-
lation between |S⟩ and |T0⟩, and thus oscillations between |↑↓⟩ and |↓↑⟩; whereas the
magnetic field gradient ∆B causes phase accumulation between |↑↓⟩ and |↓↑⟩, and
hence oscillations between |S⟩ and |T0⟩. This is depicted in figure 5.2a.
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J12(t)
∆B
|↓↑〉
|↑↓〉
|S〉
|T0〉
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(b)
Figure 5.2 – Bloch sphere diagrams indicating the eﬀect of non-zero J12 and
∆B on qubit states. (a) Red arrows (with dashed projections onto the
Bloch sphere) indicate the direction in which states on the Bloch sphere
would rotate under the indicated parameter alone. (b) If both parame-
ters are non-zero, this will lead to rotation about an axis making an angle
γ = tan−1(J12/∆B) with the xy-plane, reducing the visibility of oscillations
from the singlet state |S⟩ by a factor of cos2 γ.
5.2.1 Singlet/triplet return probabilities
In this work we will be reducing the artificial dephasing associated with uncertainty in
the magnetic field gradient ∆B, and hence will be dealing with measurements in the
quadrature aﬀected by it: namely the logical states |S⟩ and |T0⟩. In this section we
derive the probabilities associated with measuring |S⟩ and |T0⟩ given that the system
is initialised in the singlet state at time t = 0. For convenience, we set ~ = 1 so that
energies can be used interchangeable with angular frequencies, write ω = ∆B, and
use them interchangeably.
Let us first suppose that there is no exchange coupling between the dots (J12 = 0).
The probability that we measure a singlet (or a +1 eigenvalue) at any time t after
initialisation to |S⟩ is given by:
P (+|ω) = | ⟨S| exp(−iHeﬀt) |S⟩ |2 (5.3)
= cos2
(
ωt
2
)
(5.4)
= 12 (1 + cos (ωt)) . (5.5)
Similarly, the probability of measuring a triplet (or negative eigenvalue) is given by:
P (−|ω) = 12 (1− cos (ωt)) . (5.6)
This allows us to summarise the measurement probabilities as:
P (±|ω) = 12 (1± cos(ωt)) . (5.7)
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Suppose we now relax the condition that exchange coupling J12 is identically zero,
as will almost certainly going to be the case in any experimental implementation. If
J12 is not zero, the axis about which qubit states rotate on the Bloch sphere is tilted
by an angle γ = tan−1(J12/∆B) from the xy plane, as shown in figure 5.2b. This
reduces visibility of the probability oscillations by a factor of δ = cos2 γ, and biases
probabilities toward the singlet state, leading to a probability distribution of:
P (±|ω) = 12[1± (1− δ + δ cos(ωt))]. (5.8)
Let us further consider a scenario in which measurements have some degree of error:
with error probability η+ a singlet will be measured as a triplet, and with probability
η− a triplet will be measured a singlet. This gives rise to the probability distribu-
tions:
P (±|ω) = 12 [1± (η− − η+)± (1− η+ − η−) cos(ωt)] . (5.9)
The eﬀect of measurement error is therefore to reduce visibility and bias outcomes
toward whichever is less likely to be conflated with the other.
In fact, while there are a great many other sources of static error one might consider,
one can show that for any fixed choice of ∆B their combined eﬀect on P (±|ω) will
always be able to be written in the form:
P (±|ω) = 12 [1± (α+ β cos(ωt))] . (5.10)
subject to |α| + |β| ≤ 1. Note that this only accounts for noise sources which do not
vary in time. This distribution is shifted toward the singlet state by a probability of
α/2 with an amplitude of β/2. Since we are only considering static sources of error,
the probability distribution will always maintain a periodicity of ω.
Crucially, despite the fact that α and β may be determined by many complex (and
possibly unknown) eﬀects, their values can be calibrated to any experimental data set
by noting that the time average of ⟨P (±)⟩t = 1 ± α and that the initial probability
P0(±) = 1 ± (α + β). This will be important when we discuss Bayesian parameter
estimation techniques.
5.2.2 Mitigating artificial dephasing due to uncertainty in ∆B
As mentioned from the outset, we are looking to use parameter estimation techniques
to mitigate what we have called artificial dephasing. In this subsection we discuss in
abstract how having a better estimate of ∆B helps us reduce decoherence.
The origin of uncertainty in the magnetic field gradient is local stochastic hyperfine
and spin-orbit coupling [33], which leads to an approximately Gaussian-distributed
random magnetic field gradient ∆B about the target gradient. Subsequent experi-
ments will then be performed in the context of that gradient ∆B (provided that, as
in our case, the experiments are short compared to the dynamics of ∆B). Observing
Rabi oscillations requires averaging over the results of experiment after many such
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Figure 5.3 – A schematic depicting the rescaling of measurement times, ac-
cording to equation 5.11. Randomly distributed magnetic field gradients are
re-scaled to correspond to the same magnetic field gradient, at the cost of
causing once simultaneous measurements to be distributed in time. This has
the eﬀect of causing the underlying Rabi oscillations to have the same phase,
reducing decoherence.
preparations, and unless the randomness of ∆B is taken into account, one will eﬀec-
tively be averaging over a distribution of frequencies, leading to rapid decoherence.
This is clearly seen in figure 5.5a, in which the Rabi oscillations between the logi-
cal states of the singlet-triplet qubits (over a large number of experimental runs) is
shown to very quickly decay. We will gauge the success of the parameter estimation
techniques described in this work by how well they restore the visibility of these Rabi
oscillations.
In general, averaging over a distribution of field gradients ∆B ∼ N (∆Bt, σ2∆B) will re-
sult in the amplitude of Rabi oscillations decaying as exp(−σ2∆Bt2/2). By performing
parameter estimation on ∆B we will eﬀectively reduce the variance of field gradients
σ2∆B, and thus increase the coherence time of the Rabi oscillations. In this sense,
the extra dephasing caused by uncertainty in ∆B is “artificial”, since it can be cor-
rected simply by learning more about ∆B, and averaging appropriately (as described
below).
In subsequent sections we will describe procedures for extracting estimates of ∆B,
but we here suppose that we have such an estimate ωestn for every field gradient prepa-
ration n, and describe how we use these estimates to restore the visibility of the Rabi
oscillations.
The basic idea is to use our field gradient estimates to exchange uncertainty in ∆B
for a distribution in eﬀective measurement times (as shown in figure 5.3), allowing
the phases of experimental data to constructively interfere. It is straightforward to
see that remapping experimental measurement times tn to an eﬀective measurement
time t′n given by:
t′n =
ωestn tn
⟨ω⟩ , (5.11)
will result in all measurement sequences having the same eﬀective magnetic field gradi-
ent ⟨ω⟩, and hence remain in phase, reducing decoherence. However, as a consequence
of the rescaling, it is no longer trivial to average the measurement outcomes, since
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measurements that were once simultaneous are now randomly distributed. We de-
scribe the surrogate averaging methods we use in this work in the next subsection.
Note that while the precise definition of ⟨ω⟩ is unimportant for reducing decoherence,
it makes sense in practice to define it as the target gradient or as the average over all
ωestn .
5.2.3 Surrogate averaging methods
The time rescaling introduced in the previous subsection requires us to average over
measurement results which are no longer simultaneous in time. Averaging over too
wide a window of times compared to the period of the Rabi oscillations would conflate
peaks with troughs and eﬀectively undo the dephasing reduction of the transformation;
and averaging over too narrow a window would result in large variances in the resulting
average. In this subsection we introduce two simple surrogate averaging methods,
which we respectively label “binning” and “window-weighted” averages.
To compute a “binning” average, we first sort the data by increasing eﬀective measure-
ment time t′, progressively group data points into bins of size N (with the possible
exception of the last, which will contain the remainder), and then average the data in
each bin. The eﬀective measurement time allocated to each sampled average is half-
way between the minimum and maximum included eﬀective measurement time. Since
there is a constant number of data points in each bin (with the possible exception of
the last), the uncertainty of the average in each bin is fixed. This method of averaging
comes at the cost of decreased resolution (and increased dephasing) in domains with
relatively few data points. The binning average is given by:
P (+, tn)binning =
1
N
N(n+1)∑
k=Nn
rk (5.12)
tbinningn = 0.5(min(t′Nn, . . . , t′N(n+1)) + max(t′Nn, . . . , t′N(n+1))) (5.13)
where rk is the result at time t′k, with indexing k chosen so that measurement results
are sorted from earliest to latest.
A “window-weighted” average is generated by taking a weighted average of all data
nearby a given eﬀective measurement time according to some window function w(t).
This method of averaging maintains fixed resolution, at the cost of increased variance
in regions with fewer data points. With rk and t′k defined as above, and wk = w(t′k−t),
the window-weighted average is given by:
P (+, t)weighted =
∑
k wkrk∑
k wk
. (5.14)
In this work we use a Gaussian distribution for the window function (with normalisa-
tion unnecessary due to the form of equation 5.14):
w(t) = exp
(
− t
2
2σ2
)
. (5.15)
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Parameter Value
Binning
N 500
Gaussian Weighted Average
σ 0.7 ns
Table 5.1 – Parameters used for the “binning” and “window-weighted” surro-
gate averaging methods.
In this work, we do not numerically optimise the values of N and σ for the two
averaging methods respectively; but rather use the nominal values shown in table 5.1.
These values have been chosen by hand to work well for our data, which has at least
500 samples for each timed measurement. While one could potentially further optimise
these choices numerically using large experimental or generated training sets, we are
primarily concerned here with a proof of principle; and so leave this to a question of
future research.
5.3 Parameter Estimation for ∆B
In the previous section we described how we reduce “artificial” dephasing using esti-
mates of ∆B. In this section we describe how such estimates may be determined.
For the purposes of this work, we imagine that after each preparation of a magnetic
field gradient ∆B (the specific preparation used in our data was dynamic nuclear
programming, or DNP [31, 33, 37]), a series of measurements are taken in the singlet-
triplet basis for successively longer free-evolution times (in multiples of some time
delay ∆t), as depicted in figure 5.4. Some details about the measurement procedure
are described in the supplementary material, but it is suﬃcient for our purposes to
note that each measurement is projective, and so a +1 or −1 outcome is returned
depending on whether the state was projected into the singlet |S⟩ or triplet |T0⟩ state
respectively. This generates a time series of measurement outcomes which ought to
loosely reflect the periodicity predicted in section 5.2.1. The value of ∆t determines
the bandwidth from which the associated frequency will be able to be extracted, as
described in more detail in the following subsection.
The measurement schedule described here, and used in the experimental data made
available to us, has been shown to perform better than some others (e.g. ones including
repeated measurements for the same free evolution times) [35]. However, we make
no claim that this is unambiguously the optimal schedule. It may be possible, for
example, to optimise the schedule further using the knowledge that only a single
periodicity should exist in the data or that the data is going to consist of binary
measurement outcomes.
In the following, we will consider the eﬀects of imposing a fixed sampling interval
∆t, before moving on to review Fourier transform and Bayesian parameter estima-
tion techniques along the lines of Sergeevich et al. [35]. The Bayesian technique is
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Figure 5.4 – A schematic of the measurement schedule. Each row depicts the
procedure associated with a single measurement; beginning with initialisation
to the singlet state |S⟩, followed by successively longer free-evolution times,
and then by projective measurement after an integer multiple of some delay
∆t.
well-suited to real-time in-situ parameter estimations, allowing for adaptive quantum
measurements and control [36]. In later sections we will extend the Bayesian technique
to include the eﬀect of drift and diﬀusion, resulting in better estimations of ∆B.
5.3.1 Eﬀects of Fixed Measurement Sampling Interval ∆t
The sampling interval ∆t is an important property of the experimental data, as it
determines the size of the bandwidth B over which we will be able to search for ∆B.
In this section we discuss this detail.
We are interested in determining the frequency of Rabi oscillations between the singlet
and triplet states, from which we can determine the field gradient ∆B. As discussed
in section 5.2.1, the probability of measuring a singlet at any time after initialisation
is sinusoidal with frequency ω = ∆B. As the measurements in the data available to us
are projective (either the state was a singlet or not), the measurements form a pulse-
density-modulated representation of the anticipated sinusoidal oscillations; that is, the
temporal density (or average) of measured singlets reflects the underlying sinusoidal
probability.
The Nyquist-Shannon theorem states that a continuous time-series with limited band-
width B (in angular frequencies) can be represented without approximation by a
discrete time-series with a sampling rate of ∆t = pi/B, potentially with aliasing. This
implies that given a measurement sampling rate ∆t, and no prior knowledge of the
dynamics being studied, the frequencies discernible in the measured data will be be-
tween 0 and B = pi/∆t. Note that these frequencies may be aliased from the ones
intrinsic to the object being measured, and so it is necessary to know in advance the
approximate value of frequencies being measured so that reported frequencies can be
appropriately aliased and reported. These results hold for any periodicity in the data,
even if the raw data consists of square pulses; as it does for us.
As a result, parameter estimation methods will only be able to discern the value of
∆B up to aliasing; that is:
ω = 2
⌈
n
2
⌉
B + (−1)nωest, (5.16)
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where ωest ∈ [0,B) is the estimate determined by the parameter estimation technique,
and n ∈ N is the number of times the measured periodicity has been aliased. Note
that parameter estimation methods are oblivious to whether this aliasing has occurred,
and that n must be known in advance in order for ω to correspond to a measurement
of the actual frequency present in the measured object.
We note that this result can be used in reverse when actually performing experiments.
If you know that you can produce a magnetic field gradient such that ωmin ≤ ω < ωmax,
then instead of choosing B = ωmax and hence ∆t = pi/ωmax, you can get by with
sampling less often by choosing a smaller B ≥ ωmax − ωmin. To make analysis easier,
it is helpful to choose a B such that the anticipated value of ω after aliasing lies
somewhere near B/2.
As an aside, it should be possible to exploit the fact that we expect there to be
only a single frequency in the data and use compressed sensing [38, 39], which would
significantly reduce the number of measurements required to estimate ∆B. However,
the data available to us samples regularly at an interval of ∆t, and so we leave this
to future work.
5.3.2 Fourier Parameter Estimation
The Fourier transform is the most straightforward tool for converting a time series
into a weighted distribution of constituent frequencies. The probability of the data
corresponding to any given frequency, based on N projective measurements in the
singlet-triplet basis, is given by the discrete Fourier transform:
P (ω|rN , ..., r1) =
N∑
n=1
rn exp(−iωtn), (5.17)
where rn indicates the nth measurement outcome of +1 or −1 at time tn = n∆τ .
Following Sergeevich et al. [35], we choose as a parameter estimate for ∆B the most
heavily weighted ω in Fourier distribution.
Reconstructing the Rabi oscillations as described in section 5.2 with these Fourier
estimates, we demonstrate improved visibility of the Rabi oscillation reconstructions
in figures 5.5b and 5.5c for the binning and Gaussian weighted averages respectively.
While this method is attractive for its simplicity, it disregards our prior knowledge
about the Hamiltonian of the system and, in particular, the fact that we know there
will only be one characteristic frequency. It is also not well suited real-time use, since
it requires re-processing the complete history of measurements in order to assimilate
later data points.
5.3.3 Bayesian Parameter Estimation
Bayesian parameter estimation, as described by Sergeevich et al. [35], is another
estimation procedure that can take into account what we know about the evolution
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(e) Bayesian - Weighted Avg [T ∗2 ≈ 1.70 µs]
Figure 5.5 – Reconstructions of the Rabi oscillations of a singlet-triplet qubit as
described in section 5.2 using estimates derived from the fast Fourier trans-
form and Bayesian analysis on “Dataset A” (see supplementary material),
and averaged using the binned and gaussian weighted methods, as marked
in (b)–(e). In (a) the reconstruction is performed on the raw data, without
any parameter estimation. T ∗2 times are extracted in each reconstruction by
numerically fitting a gaussian decay window to the peaks of the Rabi oscil-
lations. The gaps in the Rabi oscillations are due to absent data, and the
overlaps at longer times are due to greater variance in the eﬀective measure-
ment times. Grey shaded areas indicate regions inaccessible with measured
α and β parameters from 5.2.1. In all cases, parameter estimation leads to
significant improvements in coherence.
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of our system from section 5.2, in order to more rapidly converge to a posterior
distribution for the parameter being sought.
The idea is to invert P (±|ω) from section 5.2 using Bayes’ Rule:
P (ω|±) = P (ω)P (±|ω)
P (±) , (5.18)
where P (ω) is some prior distribution of ω, and P (±) is some fixed normalisation con-
stant depending on the data set. By chaining this relation for multiple measurement
outcomes it can be shown that:
P (ω|r⊗N) = N
N∏
n=1
Pn(rn|ω)P (ω), (5.19)
where a sequence of N measurements is represented as r⊗N , and where the nth pro-
jective measurement rn at time tn is either +1 or −1 with probability Pn(±, ω). N is
a normalisation parameter that absorbs the P (±) terms.
If we now substitute the probability distribution Pn(rn|ω) = Pn(±|ω) derived from
our prior knowledge in section 5.2 into equation 5.19, we find that:
P (ω|r⊗N) = N
N∏
n=1
[1 + rn(α + β cos (ωtn))]P (ω), (5.20)
where we have absorbed the factor of 2N into N . Note that:
P (ω|r⊗N)/P (ω|r⊗N−1) ∝ 1 + rn(α + β cos (ωtn)), (5.21)
meaning that one need only to store the most recent distribution P (ω) in memory,
allowing one to simply update real-time estimates on-chip within the laboratory.
One diﬃculty in using equation 5.20 is that it is continuous in ω, meaning that imple-
mentations will need to discretise the distribution, potentially leading to additional
error in the reported estimate. This can be remedied by noting that equation 5.20 is
even with respect to ω, and so can be represented as a cosine Fourier series:
P (ω|r⊗N) =
K∑
q=−K
cN(q) cos(q∆τω), (5.22)
where cN(q) ∈ R is the Fourier coeﬃcient of the qth mode after assimilating N data
points. The distribution can be formalised at any time by dividing by cN(0)B. While
this is an even distribution, and so it is not necessary to maintain negative modes, we
keep them to allow for easy generalisation to non-even distributions arising from more
complicated dynamics; in which case, the Fourier coeﬃcients become complex, and the
cosines of equation 5.22 become complex exponentials. K is chosen so as to preserve
all modes reachable after N update steps using equation 5.21 from a uniform prior
distribution on the interval [ωmin, ωmax], so that no approximation is made; that is,
K = ∑Nk=1 tn/∆t = 12(N2 +N). In applications where memory is tightly constrained,
such as in-situ FPGAs, one can keep only the positive modes and constrain the value
of K to some fixed upper limit; the latter being possible due to characteristically low
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weights on high frequency modes when dealing with (almost) normally distributed
parameters (the Fourier transform of a Gaussian is Gaussian).
By comparing equation 5.21 with equation 5.22 one can show that the update rule for
each of the Fourier coeﬃcients cn+1(q) from cn(q) is given by (neglecting normalisation
factors):
cn+1(q) = (1 + rn+1α)cn(q) (5.23)
+12rn+1β [cn(q + tn+1/∆τ ) + cn(q − tn+1/∆τ )] ,
where the symmetry of the second term arises from keeping the negative modes.
Extracting a parameter estimate from the Fourier coeﬃcients can be done in two ways.
We could either reconstruct the posterior real-space distribution using equation 5.22
and do a numerical search for the most-likely ω (as in the Fourier estimation method
of the previous subsection); or in cases like ours, where we expect a single frequency,
we can use as a proxy the expected value ⟨ω⟩n. Since there is a simple analytical form
for ⟨ω⟩n which is easy to compute, we opt for the latter. The expression for ⟨ω⟩n is:
⟨ω⟩n =
∫ B
0
ωPn(ω|rn . . . r1)dω (5.24)
= B2 +
K∑
q=−K
[(−1)q − 1] cn(q)B
cn(0)(piq)2
. (5.25)
The variance of the estimate can be similarly computed with Var(ω)n = ⟨ω2⟩n− ⟨ω⟩2n
and:
⟨
ω2
⟩
n
= B
2
2 +
K∑
q=−K
(1− δ0q)(−1)q 2cn(q)B
2
cn(0)(qpi)2
. (5.26)
Both the mean and variance of ω can be very simply computed using a dot product
of vectors, making them suitable for real-time in-situ estimation.
Combined with the averaging methods of section 5.2, we demonstrate improved visi-
bility of the Rabi oscillation reconstructions in figures 5.5d and 5.5e for the binning
and Gaussian weighted averages respectively. We note that the reconstruction is ac-
tually not as good as that of the Fourier transform, despite being privy to the details
of the Hamiltonian. This is because the actual evolution of the qubit system has vio-
lated the prior model, due to drift and diﬀusion of the magnetic field gradient during
the estimation procedure. This causes the Bayesian estimator to be more confident
than it ought to be at every timestep, and thus weight new data incorrectly. We will
improve this estimator in the next section.
5.4 Drift and Diﬀusion
In this section we extend our analysis with an investigation into the dynamics of
magnetic field gradients generated by dynamic nuclear polarisation. As we will be
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describing dynamics in real-world time, we must add another time parameter τ , which
is the real-world time in the laboratory. For clarity, this is distinct from the two time
parameters already introduced: t is the time since initialisation to a singlet |S⟩ within
a run of an experiment, and t′ is the time since initialisation adjusted to compensate
for measured perturbations to the nominal magnetic field gradient.
In this work, we phenomenologically model the magnetic field gradient ∆B as a
Wiener process with linear drift λ. Writing Ω as the random variable associated with
experimental values of ∆B, we write:
Ω = λτ +
√
DWτ , (5.27)
where λ is the drift rate of the estimations of ∆B with real-world time τ , D is the
diﬀusion rate or increase in variance of estimations ∆B with real-world time τ (with
units [ω]2[τ ]−1), andWτ is the standard martingale satisfying: Wτ−Wτ ′ ∼ N (0, τ−τ ′)
for τ ≥ τ ′. Note that as written we expect a negative value for λ as the magnetic
field is established as a hyper-polarisation of the nuclear spins, and we predict that
the gradient will decay toward zero net polarisation.
While this phenomenological model abstracts away the details of the complex three
dimensional nuclear spin flip-flop dynamics actually occurring in experiment [31, 33,
34], it is nevertheless physically motivated. The local magnetic field experienced by
the electrons is the average over all of the nuclear spins weighted by the density of
the electron wavefunctions. The wavefunctions of electrons trapped in the quantum
dots of singlet-triplet qubits are confined in all dimensions, but are especially tightly
bound in the dimension transverse the two-dimensional electron gas. Consequently,
although the nuclear spin system diﬀuses isotropically, only diﬀusion across contours
of the electrons’ wavefunction will lead to changes in the eﬀective local magnetic
field experienced by the electron. Consequently, diﬀusion transverse to the electron
gas will relatively strongly aﬀect the average local magnetic compared to co-planar
diﬀusion; so that its eﬀect on the field may be well-approximated by a one-dimensional
Wiener process. We believe it is reasonable to assume that if the underlying magnetic
fields obey a quasi-one-dimensional Wiener process then emergent phenomenon like
∆B should also be one-dimensional. These assumptions appear to be validated by
time-correlations in experimental data, which is discussed in section 5.4.3.
If we represent Ω as a time-dependent unnormalised one-dimensional probability dis-
tribution in ω, P (ω, τ), it can be shown that it satisfies the modified heat equation:
∂Ω(ω, τ)
∂τ
= 12D
∂2Ω(ω − λ∂τ, τ)
∂ω2
. (5.28)
This diﬀerential equation will be helpful when we extend the Bayesian estimator later
in this section.
In the following subsections, we train the drift and diﬀusion parameters (λ and D
respectively) to experimental data, demonstrate even greater improvements to the
visibility of the Rabi oscillation reconstructions by extending the Bayesian estimator
of the previous section, and finish with a discussion of time-correlations in the data.
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Parameter Value
Drift
λ −5.75Hz/µs
Diﬀusion
D 40 kHz2/µs
Table 5.2 – Hand-picked parameters for drift and diﬀusion rates that are con-
sistent with analysis presented in figure 5.7.
5.4.1 Training drift and diﬀusion parameters
In this section we extract typical values of the drift and diﬀusion parameters λ and D
from experimental data in which the estimation procedure is repeated many times over
a relatively long period. The values and figures reported in this section are derived
from the Fourier estimation procedure, as it outperforms the Bayesian estimator; at
least until the Bayesian estimator has been extended to include the eﬀects of diﬀusion,
as described in the next subsection. In subsequent analysis with the extended Bayesian
estimator we found that its estimations concurred with these Fourier estimations.
For each of five target magnetic field gradients, we analyse data in which the measure-
ment schedule of figure 5.4 has been repeated 256 times over a period of 200ms after
a DNP preparation; with the entire procedure for each nominal gradient repeated 512
times. We would like to investigate how the mean and standard deviation of the 512
repetitions changes as a function of time (that is, over the 256 consecutive field gra-
dient estimations). As we do not want outliers in the data to dominate the statistics,
we substitute the mean and standard deviation for more robust alternatives: specifi-
cally, we use the median and an appropriately normalised median-absolute-deviation
respectively. An example time-series of “means” and “standard deviations” is shown
in figure 5.6 for a nominal field gradient of ∼30MHz.
From these values, it is straight-forward to extract drift and diﬀusion rates (λ and
D) using linear regression: λ is the slope of the mean values with time; and D is the
slope of the variances with time. Another interesting value to extract is the initial
variance of the estimations, which tells you how precisely a target field gradient can be
prepared; and hence the rate at which you expect an uncorrected reconstruction will
decohere (see section 5.2.2). These quantities are plotted for each of the five nominal
field gradients in figure 5.7.
While strong evidence was found for non-zero drift and diﬀusion for all nominal field
gradients, the five data points oﬀered no clear trend with magnetic field gradient. It
is possible that such a trend would appear if more data were available, as one might
naively expect that the drift rate toward zero net polarisation should increase as
the nominal polarisation increased, and that the diﬀusion rate might remain roughly
constant.
From these values we hand-picked somewhat typical values for use in the next section,
which are shown in table 5.2.
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Figure 5.6 – An example time-series of robust means and standard deviations
(as described in the text) over ∼200ms for a nominal magnetic field gradient
∆B ∼ 30MHz. The means are shown as a dark grey line (with linear trend
shown in blue), and the shaded region corresponds to one standard deviation
either side of the mean (with the square root of a linear fit to the variances
shown as a dashed green line). The shown value of ⟨∆B⟩ is the average of
all estimations with the indicated uncertainty corresponding to one standard
deviation. The values of λ and D are extracted as described in the text, with
standard errors as indicated.
We note that as the nominal magnetic field increased, the variance of the extracted
drift and diﬀusion rates increased. This is due to increased measurement error rates
due to thresholding of experimental data, as described in the supplementary mate-
rial.
5.4.2 Extending the Bayesian Estimator
The Bayesian estimation described in section 5.3.3 implicitly assumes that the mag-
netic field gradient is not changing throughout the estimation procedure, and so tends
to result in smaller variances than is warranted by the data (and in extreme cases,
results in nonsensical estimates). By including into our model of the single-qubit Rabi
oscillations an estimate of how the magnetic field gradient is changing as a function
of time, we can potentially improve the quality of our estimates. In this section we ex-
tend our Bayesian estimator to include the eﬀects of predetermined drift and diﬀusion
rates.
In section 5.3.3 we presented derivations of two Bayesian update rules: one in real-
space (equation 5.21) and one in Fourier-space (equation 5.23). As it happens, the
modifications required to include drift and diﬀusion are particularly simple for the
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Figure 5.7 – Extracted (a) drift rates, (b) diﬀusion rates, and (c) initial vari-
ances from data corresponding to five nominal magnetic field gradients. In-
dicated error bars correspond to the standard error of the respective linear
fits to data, as described in the text.
Section 5.4 : Drift and Diﬀusion 83
Fourier representation, and so we extend this representation. In the real-space rep-
resentation, diﬀusion would require Gaussian convolution; whereas the diﬀerential
operators in equation 5.28 have simple mappings to Fourier space which we can apply
directly.
Given that we can easily renormalise the Fourier representation in equation 5.23, as
described in section 5.3.3, we can apply the eﬀect of the diﬀerential operators in
equation 5.28 to the Fourier representation and then renormalise as required.
Using standard properties of the Fourier transform F{g(t)} = ∫ g(t) exp(−iωt)dt:
F{g(t− a)} = exp(−iωa)F{g(t)} (5.29)
F
{
∂g(t)
∂t
}
= iωF{g(t)} (5.30)
the diﬀerential operators in equation 5.28 applied to the Fourier transform in equation
5.22 can be shown to approximately imply (we are using continuous properties in a
discrete limit):
F
{
∂P (ω, t)
∂t
}
(q) = F
{
1
2D
∂2P (ω − λ∂τ, t)
∂ω2
}
(q) (5.31)
=⇒ ∆F {P (ω, t)} (q)∆t ≈ −
1
2Dq
2∆2τ exp(−iλq∆2t )F{P (ω)}(q) (5.32)
=⇒ F{P (ω, t+∆τ )}(q) ≈ exp(−iλq∆2τ −
1
2Dq
2∆3τ )F{P (ω, t)}(q) (5.33)
Since the eﬀect of drift and diﬀusion in Fourier space amounts to pre-multiplication
by an exponential factor, incorporating them into the update rule is trivial; and the
update rule in equation 5.23 becomes:
ck+1(q) = exp(−iλq∆2τ −
1
2Dq
2∆3τ ) (5.34)[
(1 + r±k+1α)ck(q) +
1
2r
±
k+1β [ck(q +mk+1) + ck(q −mk+1)]
]
.
We note that this should be no more diﬃcult to implement than the former Bayesian
estimator for FPGAs embedded into experimental apparatus.
It is worth noting that the eﬀect of drift violates the evenness assumed when creating
the Fourier series representation using only cosines in equation 5.22. This is easily
remedied by using complex coeﬃcients and including sinusoidal terms; but in practice
we find λ to be vanishingly small compared to the variance of the estimate, and so we
do not worry about this.
The eﬀect of this improved update rule on the reconstruction of the Rabi oscillations
using a Bayesian estimator is seen in figure 5.8, for both the binned and weighted
averages. We observe a more than 30% improvement in T ∗2 for the Bayesian estimator
after including the eﬀects of drift and diﬀusion, leading to a substantial improvement
in the visibility of the oscillations, and causing the Bayesian estimator to beat the
Fourier estimator; as indeed it should, being privy to more information about the
dynamics of the qubit system.
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Figure 5.8 – Comparison of reconstructed Rabi oscillations before and after dif-
fusion was incorporated into the Bayesian estimator, for both the (a) binned
and (b) gaussian-weighted averages. Estimations that do not include the ef-
fects of drift and diﬀusion, the meanings of grey lines and shadings, and the
method for extracting T ∗2 times are the same as those in figure 5.5. We note
a marked improvement of more than 30% in T ∗2 times in both cases.
5.4.3 Time Correlations
A common way of probing the dynamics of stochastic systems is using time correla-
tions. They are especially useful for our purposes because they allow us to compare
the field gradient dynamics present in our data to that of other experimental imple-
mentations (e.g. [34]). They also furnish us with a way to test the assumption that
the field gradient is well-described by a one-dimensional Wiener process. This is done
by comparing the diﬀusion rates required to fit the correlations (in an ansatz derived
from the one-dimensional model) with those of former sections.
Time correlations describe how well the current state of a system at time τ is described
by a past state at time τ0. If the random variable describing the magnetic field gradient
at time τ is Ωτ with variance στ and mean value µτ , then the time correlation is given
by:
Corr(Ωτ ,Ωτ0) =
Cov(Ωτ ,Ωτ0)
στστ0
= E(ΩτΩτ0)− µτµτ0
στστ0
. (5.35)
Note that the time correlation has a maximum absolute value of 1 when the results
are perfectly determined from past results, and typically tends toward zero for long-
running stochastic processes.
Using the one-dimensional Wiener process for Ω, as defined in equation 5.27, and the
definition of time correlations above, it is straightforward to derive the expected time
correlation of the field gradient as a function of real-world time τ :
Corr(Ωτ ,Ωτ0) ≈
(
1 + Dτ
σ2τ0
)− 12
. (5.36)
For reasons specific to the experimental apparatus used to generate the “Dataset
B” used in this section, and as discussed in the supplementary material 5.6.1, as
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Figure 5.9 – (a) Computed time correlations for “Dataset B”, as described
in the supplementary material, for each of the five nominal magnetic field
gradients. Each magnetic field time correlation is fit to the ansatz in the
text, and the value of the diﬀusion rate D from the fit is plotted in (b). In
(b), the solid black line corresponds to the choice of D in table 5.2.
the magnetic field gradient ∆B increases the estimator has a more diﬃcult time
distinguishing signal from noise. This results in a noise background approximating
white noise. This can be included in our ansatz by recognising that the time correlation
of white noise is a delta function. When modelling values from our estimators, we
therefore use:
Corr(Ωτ ,Ωτ0) ≈ δττ0k + (1− k)
(
1 + Dτ
σ2τ0
)− 12
, (5.37)
where k and D are trained to maximise the fit to data, and στ0 is set to be the
initial variance of the estimator (as would be the case if ∆B was truly described by a
one-dimensional Wiener process).
The time correlations for each of the five nominal field gradients are plotted in fig-
ure 5.9, along with the trained diﬀusion rate D. Crucially, the decay of the time-
correlations are similar to those found in existing literature (e.g. [34]). We also note
that the diﬀusion rates trained from the one-dimensional ansatz for time correlations
are roughly comparable to those in the previous section, acting as confirmation that
the magnetic field gradient is well-described by a one-dimensional Wiener process.
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5.5 Discussion
As mentioned from the outset, some parts of this work were also done in parallel by the
Yacoby Group at Harvard University, resulting in a separate publication [36]. Both
works have applied existing [35] parameter estimation techniques to determine the
magnetic field gradient in singlet-triplet qubit experiments, and demonstrated how
these estimates can be used to increase coherence times by an order of magnitude;
with the goal of using them for real-time adaptive measurement and control.
Shulman et al. [36] went on to make use of the real-space Bayesian update rule
described by Sergeevich et al. [35] and equation 5.20, and investigated its utility as a
function of number samples used to make the estimate; and also demonstrate its use
in-situ, showing how it can be used to adaptively control qubits.
In this work, however, we made use of the lossless Fourier-transformed Bayesian up-
date rule, and compared it to the performance of the raw Fourier transform as an
estimator. We then investigated the dynamics of the field gradient with a focus on
drift and diﬀusion; and extended the Bayesian parameter estimation method to in-
clude their eﬀects, with demonstrations of a further ∼ 30% increase in coherence
times. We also showed that diﬀusion parameters can be extracted easily from time
correlations, which provides evidence that field gradients can be well-modelled as a
one-dimensional Wiener process.
While the results of this work support the assumption that the field gradients evolve
as a one-dimensional Wiener process, it might be worth deriving this more rigorously;
in the hope that it might simplify future simulations and analysis.
The estimation scheme used in this work required 200 regularly sampled measurements
to be performed, taking a real-world time of about 0.8ms. This proved fast enough
to significantly enhance coherence times, but Shulman et al. [36] found that fewer
samples works better for their Bayesian estimator due to the presence of diﬀusion. It
would be interesting to determine whether this holds for our estimator that does take
drift and diﬀusion into account.
In section 5.3.1 we mentioned that it should be possible to exploit the fact that we
expect there to be only a single frequency in the data and use compressed sensing
[38, 39], which would significantly reduce the number of measurements required to
estimate ∆B. It may also be possible to use non-adaptive schemes such as LONA [35]
to reduce the number of measurements. In both cases, it would also be interesting to
see how well the resulting parameter estimation compares to the results we present
here; and to consider how best to incorporate knowledge of drift and diﬀusion into
these schemes.
As another avenue of future research, it would be investigate whether it is beneficial
to incorporate drift and diﬀusion coeﬃcients directly into the Bayesian model; rather
than using fixed values calibrated to a particular experimental apparatus as we have
done in this work. In particular, it is not clear whether the benefit of having a more
responsive model is negated by the increase in the number of samples required for the
model to converge.
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It might also be worth considering whether it is possible to extend this kind of analysis
beyond single qubit operations; for example to two-qubit gates, or even to extended
pulse sequences.
Throughout this work, we have intentionally abstracted away much of the experimen-
tal detail, because we fully expect that the methods described here will be generally
applicable to many other physical systems in which the measurement of two-level
energy splittings is important. It seems quite likely to us that the kind of analysis
presented in this work, which enables adaptive qubit control, will be what ultimately
allows for the physical implementation of large, scalable, and universal quantum com-
puters.
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5.6 Supplementary Material
5.6.1 Single-Shot Measurements in the Singlet-Triplet Basis
The single-shot measurement procedure associated with measuring in the singlet-
triplet basis is described in detail in the work of Barthel et al. [7] and Shulman
et al. [36]. In short, the gate voltages defining the qubit are tuned to cause a logical
state diﬀerence to be manifest as a charge diﬀerence that can be measured using an
electrometer.
After collecting many such measurements over a range of times since initialiation to a
singlet |S⟩, the values measured by the electrometer has a characteristic distribution
of values derived by Barthel et al. [7], and shown in figure 5.10a. The diﬀerence in
the height of the peaks is due to imperfect initialisation the singlet state combined
with non-zero exchange coupling during qubit evolution, which causes a bias toward
singlet states (as shown in figure 5.2b). The non-Gaussian nature of the triplet state
is due to probabilistic relaxation to a singlet during the measurement procedure.
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Figure 5.10 – (a) A histogram of normalised currents measured by an electrom-
eter over a range of times since initialisation to a singlet state, for a nominal
magnetic field gradient of ∆B ≃ 175MHz. A current of 0 corresponds to
a singlet measurement, and 1 to a triplet measurement. Fits of the data to
ansätze in Barthel et al. [7] for the singlet and triplet state distributions are
shown using blue solid and green dashed lines respectively. The cumulative
distribution is shown as a solid grey line. (b) The threshold indicated using
a solid back line is chosen to minimise the cumulative probability of misclas-
sifying measurements. The relative error probabilities for cumulative, singlet
and triplet measurements are shown as in the manner as in (a).
To convert these measurement results into the projective ±1 values expected by our
estimation schemes, it is necessary to threshold the results. Thresholding incorrectly
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Figure 5.11 – The (a) threshold and (b) error probability computed as de-
scribed in the text over the five target magnetic field gradients used in the
main text.
will bias the projective measurements toward one or another of the measurement out-
comes, as discussed in section 5.2.1. Unlike Shulman et al. [36], where the threshold is
taken to be the measurement value associated with the minimum amplitude between
the peaks; we have chosen to threshold such that we misclassify the fewest number
of measurements possible. To achieve this, we fit the functional forms derived by
Barthel et al. [7] to the measurement data, and then choose the threshold to be the
measurement value at which the statistical likelihood of misclassified data is minimal.
This is shown in figure 5.10b.
Repeating the analysis for all five nominal magnetic field gradients reveals that as the
magnetic field gradient increases, the threshold decreases until it reaches a fixed value
and the probability of misclassifying increases, as shown in figure 5.11.
Increased classification error makes it much more diﬃcult for the estimators of the
main text to identify the appropriate periodicities in the already potentially confusing
pulse-density-modulated data, as shown in figure 5.12. The uniformity of the increas-
ingly large uniformly distributed estimates suggests that when the estimators fail, it
is because they have failed to make any sense of the data.
5.6.2 Description of datasets
This section describes the data sets used in this paper, all of which has been generously
provided by the Yacoby Group at Harvard University.
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Figure 5.12 – A histogram of the estimates made by the Fourier parameter
estimation technique for each of the five nominal magnetic field gradients over
all of the 200ms. Similar results hold for the Bayesian estimator. Vertical
dashed lines indicate boundaries between aliasing, with distance between the
lines being the bandwidth B. As all measurements are made with the same
∆t, these are equally spaced. Note that as ∆B increases compared to 1/∆t
that the estimator has a more diﬃcult time distinguishing the probabilistic
projections to ±1 from the signal itself, leading to poorer estimations. The
colours used for the field gradients corresponds to those used in figure 5.9.
Each dataset contains the results of the measurement procedure described above, after
progressively longer free evolutions as in the schedule shown in figure 5.4 of the main
text. Each measurement (including preparation and any free evolution) takes exactly
4 µs.
5.6.2.1 Dataset A
This dataset provides measurements for a somewhat typical configuraton in the labo-
ratory, with a magnetic field gradient of approximately 90MHz. Each of the included
19 data collections samples evolution over 50 ns of simulated-time somewhere in the
interval of 0 to 1650 ns with a precision of 1 ns, repeated 1000 times. Before each repe-
tition, 200 measurements are taken to estimate the magnetic field gradient, according
to the schedule in figure 5.4 of the main text (with ∆τ = 10 ns).
5.6.2.2 Dataset B
This dataset provides 512 repetitions of the measurement results required to perform
256 sequential estimation procedures, each using 200 measurements (with∆τ = 12 ns),
for 5 diﬀerent nominal magnetic field polarisations. After each repetition of 256×200
measurements, the magnetic field is reprepared to the appropriate nominal magnetic
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field polarisation. Since each measurement takes 4µs, the real-world time for which
each magnetic field gradient exists is approximately 200ms.
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CHAPTER VI
SUMMARY AND OUTLOOK
In this chapter we summarise and reflect upon the relevance of the work presented
in this thesis to contemporary experiment, and the outlook for using semiconductor
quantum dot qubits in architectures for universal quantum computation.
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The development of quantum computers is still very much in its infancy, with many
unexplored avenues in thought and experimental implementation. It is not even un-
ambiguous that any of the current approaches to fabricating quantum computers will
ultimately prove feasible, although early results do look promising.
In this thesis, we have focussed on just one approach: semiconductor quantum dot
devices; enthused by the hope of reusing existing lithography techniques from the
semiconductor industry to massively scale up from the basic components once they
are ready. They are also attractive for other reasons, such as the combination of small
size (measured in hundreds of nanometres) and fast clock times (gigahertz clock cycles
are the norm); which compares favourably to other architectures [1].
The original semiconductor quantum dot proposal [2] encoded qubits onto the spins
of single isolated electrons. It is not clear how control of such qubits would scale, espe-
cially since high-fidelity single-qubit control has in any case proven to be challenging
[3–7]. This motivated theoretical and experimental interest in qubits encoded in
larger number of spins, the most promising of which have been the focus of this thesis:
singlet-triplet double-quantum-dot [8–18] and resonant-exchange triplet-quantum-dot
[19–25] qubits. Both of these qubits can be controlled using electronic pulses to elec-
trodes on the substrate in which they exist, though the singlet-triplet qubit requires a
magnetic field gradient between the two dots that is typically provided using dynamic
nuclear polarisation [13, 26–29] or patterned nano-magnets [30–32]. Additionally, the
greater redundancy of electron spins aﬀord both qubits insensitivity to global mag-
netic field fluctuations; and for the resonant exchange qubit, first order insensitivity
to charge noise. With high-fidelity electronic control of these semiconductor qubits
already demonstrated [23, 24, 33], and there being no clear advantage to be gained
by delocalising qubit over more quantum dots, it seems to us that the next frontier is
performing high-fidelity two-qubit gates. This is also the last outstanding technical
requirement for universal quantum computing to be feasible in principle [34], though
much work yet still remains to make it feasible in practice.
As discussed in the introduction, the two pre-existing approaches for two-qubit gates
for these qubits used capacitive coupling [14, 22, 35, 36] and exchange coupling [8,
37]. Capacitive coupling tends to be weak, resulting in slow gates with unfavourable
noise properties, and hence poor fidelities. Exchange coupling is much stronger, but
existing approaches require complicated pulse sequences in order to prevent leakage
from the logical subspace. While the fidelities of exchange-coupled gates should be
much higher, supposing the pulse sequences could be suﬃciently well performed, their
complexity prevents them from being implemented in contemporary experiment.
In this thesis we have introduced a novel exchange-based two-qubit gate for both the
singlet-triplet and resonant-exchange qubits, and demonstrated through analytical
calculations and simulations that they can be performed with high-fidelity even in
the presence of noise calibrated to match that observed in experiment. In both cases,
performance was limited by low-frequency noise, and infidelities were of order a few
percent or less. Crucially, the mechanics of our gates are simple enough that we expect
that they will be able to be performed in experiments of the near-term future.
While the fidelities of our gates (in the presence of noise calibrated to experiment)
are probably not suﬃcient for fault-tolerant computing schemes [38], which typically
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require error thresholds in the vicinity of 10−3–10−4, these fidelities are nonetheless
promising because they are limited by low-frequency noise; and such noise is relatively
easy to correct using simple echo pulses. Even without echo pulses, we do not believe
there is any fundamental reason why these low-frequency noise sources cannot be
substantially reduced by advances in engineering. It is more than conceivable that
applications of our gate will have fidelities well in excess of 99% after low-frequency
noise is suppressed.
In this thesis we also provided another method to reduce the eﬀect of low-frequency
noise: parameter estimation. By performing parameter estimation on noisy parame-
ter(s), it becomes possible to adaptively change gate times or reinterpret results to
eﬀectively cancel out the eﬀect of pseudo-static oﬀsets. We provided demonstrations
of this suppression of low-frequency noise for the Overhauser field in singlet-triplet
qubits, where we were able to extend single-qubit coherence times by several orders
of magnitude.
In summary, we believe the work presented in this thesis provides the basis for the
“next-step” in experimental implementations of semiconductor quantum dot devices:
high-fidelity two-qubit operations for the experimentally proven singlet-triplet and
resonant-exchange quantum dot qubits. If successful, this step will extend the experi-
mentally demonstrable frontier of semi-conductor quantum dot devices as relevant to
their use in universal quantum computing.
Of course, this is just the next step. There will have to be many more “next-steps”
after that before universal quantum computation will become possible using semicon-
ductor quantum dot qubits.
One of the biggest challenges ahead will be finding ways to multiplex the channels
required to electronically control the potentially very large number of densely-packed
qubits in a semiconductor quantum computer, without adding crippling levels of noise.
We imagine that successfully doing this will require detailed microscopic models of
noise that have been calibrated to experiment, and which can then be used to an-
alytically or numerically find solutions that optimise both qubit control and noise
levels.
However long it takes to develop the basic components of semiconductor quantum dot
computing architectures, and then to determine ways of controlling the qubits while
they are densely packed on-chip, there remains this tantalising promise that perhaps
the last step will be the easiest; that perhaps we might indeed be able to leverage
the well-established techniques of the semiconductor industry and eﬀortlessly scale
these painstakingly designed quantum dot components into large interconnected uni-
versal quantum computers. Until then, how do we view the outlook of semiconductor
quantum dot devices for universal quantum computation? In a word, promising.
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